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Abstract. We construct Hrushovski-Kazhdan style motivic integration in certain expansions of ACVF. Such 
an expansion is typically obtained by adding a full section or a cross-section from the RV-sort into the VF-sort 
and some (arbitrary) extra structure in the RV-sort. The construction of integration, that is, the inverse of the 
lifting map L, is rather straightforward. What is a bit surprising is that the kernel of L is still generated by one 
element, exactly as in the case of integration in ACVF. The overall construction is more or less parallel to the main 
construction of 1101 . as presented in I19II20I . As an application, we show uniform rationality of Igusa zeta functions 
for non-archimedean local fields with unbounded ramification degrees. 
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1. Introduction 



o 

' We have presented the main construction of the Hrushovski-Kazhdan integration theory [10] in [19j [2^ . The 
' integration constructed there is "unrefined" in the sense that, although the kernel of the lifting map L, that is, 
^ ' the congruence relation Igp, is surprisingly simple, being generated by a single element, and the whole theory 
is structurally sound, satisfying, among other things, a Fubini-type theorem and a change of variables formula, 
■ computation of most integrals appear to be too complicated or utterly intractable. This is so even without volume 
^ forms and when only simple geometrical objects are involved, such as an open ball with one closed hole and a closed 
0^ ball with two open holes, computing the standard contractions of which, according to [19, Proposition 6.18], would 
] tell us whether there is a definable bijection of the two in ACVF. Refinement may proceed in several directions, 
for example, see [TUl §10] and [TT], all of which involve manipulations of the Grothendieck (semi)rings that provide 
values for motivic integrals, such as groupifying, coarsening (usually by way of introducing external algebraic 
' structures), and decomposing into tensor product. This last manipulation makes computation of certain integrals 
[ much more transparent, especially when integrating functions with one variable, such as the one mentioned above. 
I ' In this paper we shall first construct "unrefined" motivic integration maps in certain expansions of algebraically 
I closed valued fields and then refine the target semirings of these maps by decomposing them into tensor products in a 
. ^ • canonical way. Such an expansion of algebraically closed valued fields is typically obtained in two independent steps: 
, adding a full section (an RV-section) or a cross-section from the RV-sort into the VF-sort and then adding arbitrary 
^ ' relations and functions in the RV-sort. Expansions with extra structure in the RV-sort has been considered in [101 
- - -' §12], where a homomorphism between Grothendieck semirings is obtained more or less along the line of the main 
construction, in particular, the congruence relation Igp retains the same degree of simplicity. Expansions with a 
section from the residue field into the valued field (a K-section) has been considered in [T^j. This is in the context 
of adelic structures over curves, where an integration in the style of [10] is not needed and hence is not developed. 

Our motivation for extending the Hrushovski-Kazhdan theory to such expansions is twofold. Firstly, this is to 
prepare the ground for a plausible theory of motivic characters, especially multiplicative ones, which is something 
we should have if we are to further the (already far-reaching) application of the theory of motivic integration to, 
say, geometry and representation theory, as demonstrated, for example, in [1] (3] |3J [121 IS] • The use of characters 
in constructing representations in function spaces is beautifully expounded in the (perhaps a bit old-fashioned 
but still tremendously insightful) work 9 . Secondly, motivic integration in real closed fields is alluded to in the 
introduction of 10 as a hope. We shall realize this hope in a future paper [21]. The framework for doing so calls 
for a cross-section and its technical aspects closely resemble those of this paper. 

The construction in this paper is entirely modeled on and heavily relies on the (auxiliary) results of the construc- 
tion presented in W\ 120] . In particular, we still adhere to the three-step procedure as laid out in the introduction 
of [50]. For clarity, let us repeat it once again. Let T be an expansion of ACVF, which includes an RV-section 
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sn : RV — > VF or a cross-section csn : F — > VF or both. Let VF* and RV[*] be two suitable categories of 
definable sets that are respectively associated with the VF-sort and the RV-sort. To construct a canonical homo- 
morphisni from the Grothendieck semigroup K+VF^, to the Grothendieck semigroup K_(_ RV[*]/ Igp, where Igp is 
a suitable semigroup congruence relation, we proceed as follows: 

• Step 1. There is a natural lifting map L from the set of objects of RV[*] into the set of objects of VF*. 
We show that L hits every isomorphism class of VF*. 

• Step 2. We show that L induces a semigroup homomorphism from K+ RV[*] into K+ VF*, which is also 
denoted by L. 

• Step 3. In order to obtain a precise description of the semigroup congruence relation on K-|_ RV[*] induced 
by L, that is, the kernel of L, we introduce two operations: special bijection in the VF-sort and blowup in 
the RV-sort. In a sense these two operations mirror each other. Using this correlation we show that, for 
any objects Ui, U2 in RV[*], there are isomorphic blowups U}, \5\ of Ui, U2 if and only if L(Ui), L(U2) 
are isomorphic. 

Through certain standard algebraic manipulations, the inverse of L gives rise to various ring homomorphisms and 
module homomorphisms. These are understood as generalized Euler characteristic or, if volume forms are present, 
integration. Note that, in principle, the construction is already completed in Step 2 (See g]). However, to facilitate 
computation in future applications, it seems much more satisfying to have a precise description of the semigroup 
congruence relation as obtained in Step 3 (See 5j5]). Perhaps a bit surprisingly, this kernel of L is still generated by 
one element, exactly as in the case of integration in ACVF. 

There is really just one new (nontechnical) idea in this paper, which is very straightforward. For every T- 
definable set A we seek a definable function tt : A — > RV™ such that each fiber ■k~^{^) is sn (f)-dcfinable in ACVF, 
similarly if the RV-section sn is replaced by the cross-section csn (we have to work with csn instead of sn in the 
situation with volume forms). Such a function is called an RV- or a F-partition of A. If it exists then we may 
assign a volume to A by first computing the volumes of the fibers, using the results for ACVF, and then sum them 
up more or less formally. In fact such a partition always exists for a definable set. Conceptually, the few foregoing 
sentences capture the gist of this paper so well that it is actually tempting to end the discussion right here. But 
that is probably not very convincing for someone who is not already familiar with the intricate working of the 
Hrushovski-Kazhdan theory, especially when highly nontrivial modifications of certain technical results are called 
for. So, we opt for spelling out more details in a few pages. Inevitably, the writing will repeat (variations of) some 
things that have already been said in [121 HO] ■ 

In |18j we have compared expansions with RV-section and expansions with K-section in terms of minimality 
conditions. It is not hard to see that our method here also works for expansions of ACVF with K-section. 

We now describe an application to local zeta functions. Let f{X) G Qp[A"i, . . . , A"„], k be a positive real number, 
and L be a finite extension of Qp. The norm of a G L is denoted by |a|L and the Haar measure on L is denoted 
by I dX|i. Suppose that A C L" is bounded and is Qp-definable in the language with a cross-section. Note that 
here the parameters used to define / and A are allowed to vary in a suitable way as p and L vary, for example, 
the ramification degree of L may be a defining parameter for A. Consider the Igusa local zeta function 

aA.L,K)= I \f{X)\l\dX\L. 

J A 

Following the specialization procedure in |10) . we can show that C(^i ^7 1^) is uniformly rational for all p-adic fields 
(see Definition 16.41 for the precise meaning of uniformity) . This can also be derived using the Denef-Pas method 

in [aiziiiniiiz]. 

The paper is organized as follows. In [21 we first introduce the class of expansions of ACVF that shall be 
considered. Obviously not much can be done without quantifier elimination, which is derived immediately. Other 
basic structural properties are also collected in this section, which shall be used throughout the rest of the pa- 
per. In 121 categories associated with the RV-sort are introduced and their Grothendieck semigroups are studied. 
Here the reader should notice that, by having a cross-section, the various target semirings of the Grothendieck 
homomorphisms actually become simpler than those in [TU] . The main result of this section is the expression of 
these semirings as certain tensor products. This essentially repeats some of the work in [TOl §9-10]. However, as 
in [191 120] ■ we give much simpler and more direct proofs. In 21 we begin with an investigation of dimension in 
the VF-sort and other related notions, such as the Jacobian. Then the categories associated with the VF-sort are 
introduced. This is parallel to the corresponding discussion in |19| and the modifications are all very natural for 
the current setting. The first two steps of the three-step procedure described above are completed in ijH In order 
to obtain a precise description of the kernel of the lifting map L, we need an analog of [191 Theorem 5.4], which 
guarantees, after modification using only special bijections, contractibility of an arbitrary function. This is also 
done in which is the most technical part of the construction and is needed for the application to local zeta 
functions. In SjSlwe study blowups in the RV-categories and then describe the kernel of L. Subsequently various 
Grothendieck homomorphisms are constructed. These follow very closely the corresponding discussion in |20j . In 
the last section, we specialize some of the results to non-archimedean local fields, which is more or less automatic 
by compactness, and derive the uniform rationality of local zeta functions described above. 



INTEGRATION IN ACVF WITH SECTIONS 



3 



2. Preliminaries and some basic structural properties 

The reader is referred to [IHl [201 HI] for notation and terminology. For example, the various notational conven- 
tions concerning coordinate projection maps in [191 Notation 2.10] shall be used frequently: 

Notation 2.1. Let A C VF" x RV™. For any n S M, let /„ = {!,..., n}. Let / = /„ W /„, £; C /, and ^ = / \ 
If £^ is a singleton {i} then we always write E as i and E as i. We write ^ti^^A) for the projection of A to the 
coordinates in E. For any a G pr^(yl), the fiber {h : [b.a] G A] is denoted by fib(^, a). Note that we shall 
often tacitly identify the two subsets fib(j4,a) and fib(A, a) x {a}. Also, it is often more convenient to use simple 
descriptions as subscripts. For example, if E' = {1, . . . , fc} etc. then we may write pr<j, etc. If E contains exactly 
the VF- indices (respectively RV-indices) then pr^ is written as pvf (respectively prv). If E' is a subset of the 
coordinates of ^t^{A) then the composition pr^, opr^ is written as pr^ Naturally We' °pvf and pr^, oprv are 
written as pvf^, and prv^/, respectively. 

We shall work with certain expansions of the £Rv-theory ACVF (see [121 Definitions 2.1, 2.2]). Recall that the 
RV-sort contains an element oo = rv(0). It also serves as the element in the residue field K. For psychological 
reasons, we shall write it as when K is concerned (also see Convention 12. 5p . 

The expansions of ACVF that we shall consider are obtained in two steps: we first add a section of RV and a 
cross-section of F (see below), and then arbitrary relations and functions in the RV-sort. 

Definition 2.2. A function sn : RV — > VF is a section of RV if 

(1) sn \ RV^ is a homomorphism of multiplicative groups and sn(oo) = 0, 

(2) sn(i) G t for every t G RV, 

(3) sn(K'') U {0} is a subfield of O. 

Similarly, sn is a section of K if it is the restriction of a section of RV to augmented by sn(0) = 0. 

Remark 2.3. Any non-archimedean local field of positive characteristic carries a natural section. However, a 
non-archimedean local field of characteristic is only equipped with a natural weak section^ that is, a function 
sn : RV — > VF that only satisfies the first two conditions in Definition 12.21 which is given by the nonzero 
Teichmiiller representatives and a choice of uniformizer. 

Definition 2.4. A cross-section of F is a group homomorphism csn : F — > VF^ such that valocsn = id. The 
reduced cross-section of F is the function csn = rvocsn : F — > RV^. Set csn(cxD) — and csn(cx3) = oo. The 
twistback function tbk : RV — > K is given by u i — > w/ csn(vrv(M)), where we set oo/cxd = 0. 

The expansions of with the function symbols sn, csn are respectively denoted by -C^y, -Cpy. The expansion 
of /3^y with the function symbol csn is denoted by £|v- The theories ACVF^ in C\^^, ACVF^ in C^^, and ACVF^ 
in £pjy state that, in addition to the axioms of ACVF, sn is a section of RV, csn is a cross-section of F, and csn is 
a reduced cross-section of F. If the characteristics are specified then we write ACVF^(0,p) etc. 

Convention 2.5. Let res : RV — ?► K be the function given by res |" = id and res(t) — for all t ^ K^. 
Technically speaking, + : K — > K is a function symbol only in the imaginary sort K, which, as in [TUl IT51 [TOl 120] . 
is subsumed into the RV-sort. Terms that appear potentially ill-formed should be interpreted accordingly. For 
example, in the term sn(r -I- t'), the symbol sn should be understood as a section of K and r, t' should be replaced 
by res(r), res(r'). 

Theorem 2.6. The theories ACVF, ACVF^, ACVF^, and kCYY^ all admit quantifier elimination. Consequently, 
if the characteristics are specified then these theories are complete. 

Proof. For ACVF and ACVF^ quantifier elimination is proved in [151 Theorem 3.10, Theorem 3.14]. It is easy to 
adapt the proof there for ACVF^ and ACVF'^ (also see Proposition 12 . 71 and Remark l2.8l below). Completeness is 
clear by inspecting the quantifier-free sentences. □ 

Let T be an expansion of ACVF^ in a language C-^. We assume that the language C-^ contains additional relation 
and function symbols only in the RV-sort, for example, a cross-section, a Denef-Pas angular component map, or a 
subfield of the residue field. After Proposition l2 . 71 below we shall work exclusively with such expansions of ACVF'^. 
But, before that, there is no need to require the presence of a cross-section. Note that if T does expand ACVF'^ 
then it makes sense to speak of the >C^-reduct T of T, where is the language obtained from Cy by replacing 
the functions sn and csn with the function csn. Also note that since, for example, ACVF^(0,p) is complete, every 
model of it embeds into a sufficiently saturated model of T(0,p). By adding more primitives, without changing 
the class of definable sets, we also assume that the reduct of T to the RV-sort eliminates quantifiers. 

Let Mt h IT and ACMf. Let Mi, M be the C^^-, £R,v-reducts of Mt, respectively. We shall write dcl'^(A), 
acF(A) for the definable and the (model-theoretic) algebraic closures of A in Mt, dcl^(A), acl^(A) for those of A 
in Ml, etc. Note that, in general, dcl(A) is not closed under sn and hence cannot be expanded to a substructure 
of Ml without changing the underlying set. If dcl(yl) is closed under sn then it may be identified with dcl^(^). 
In this case we shall write dcl(A) — dcl^(A). The same convention applies when the operators dcl^, acl^, etc. are 
involved. For example, we have 

acl(sn(RV(M))) = acl^(sn(RV(M))) = acl\RV(M)). 
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The proof of [THl Theorem 3.14] works more or less for the following proposition. For clarity, we give some 
details. 

Proposition 2.7. The theories T and T eliminate all quantifiers. 

Proof. We shall only be concerned with T, since the argument for T is similar. Let M, N \= T such that N is 
II A/ 1 1 ^-saturated. Let S" be a substructure of M and / : S — > N a monomorphism. It is enough to extend / to a 
monomorphism M — > N. 

Since T eliminates quantifiers in the RV-sort, there is a monomorphism g : RV(Af) — > RV(A^) extending 
/ f RV(S'). Since the henselization of S is an immediate extension (in the sense of valuation theory), we may 
extend / accordingly and hence may just assume that S is henselian. 

Let / : S — > N be the £^v"^6duct of /. Let t £ K(M) be algebraic over K{S) in the field theoretic sense. We 
have 

[VF{S){sn{t)) : VF(^)] = [K(^)(0 : K(^)] 

and hence r(dcl^(5 U sn(t))) = T{S). Since the fields K{S){t) and K{f{S)){g{t)) are isomorphic via g, we may 
extend / to an £^y-monomorphism ft : dcl^(S' U sn(i)) — > N by sn(i) i — > sii{g{t)). Clearly ft is compatible with 
g. Repeating this procedure, we may assume that K{S) is algebraically closed. Next, let t € RV(M) \ K(M) such 
that G RV(S') for some n > and n is minimal with respect to this condition. We have 

[r(dcli(5 U sn(i))) : r{S)] = n, K(dcl\S' U sn(t))) = K(5). 

Since sn{t)" — sn(t") and sn(g(t))" = /(sn(t")), as above, by setting sn{t) i — > an{g{t)), we obtain an extension 
of / that is compatible with g. So we may assume that T{S) is divisible. Now, acl^(S') is a model of ACVF^ and 
RV(acl^(S')) = RV(S'), by Theorem!^ we may assume S = acl^(S'). 

For any t £ RV(M) \ S, the proof of [T8j Lemma 3.13] goes through with the choice sn{t) i — > sn(g(t)), which 
yields an extension of / that is compatible with g. Repeating the whole process thus far, we eventually obtain an 
extension /i of / that includes the £py-reduct of g. Hence /i = /i U <? is an £T-nionomorphism. At this point, 
any £^y-extension of /i induces an obvious £T-extension of /i , so we are done by Theorem 12.61 □ 

Remark 2.8. If T is the expansion ACVF^ of ACVF^ or the one with a reduced angular component map ac : 
RV^ — > then T eliminates quantifiers in the RV-sort and hence Proposition 12 . 71 holds for T. The proofs are 
routine and are left to the reader. Since there is a section of RV, we can always define an angular component map 
from a cross-section and vice versa. 

Quantifier elimination still holds if T is an expansion of AC VF (in the RV-sort only) . This follows from a simpler 
version of the above proof, or from standard syntactical manipulations that reduces it to the case of ACVF. 

From now on we assume that T expands ACVF"^. We fix a sufficiently saturated model €^ |= T of pure 
characteristic 0. The (imaginary) sort of value group is denoted by F. The ^Rv-reduct (resp. £^v"^'*5duct, etc.) of 
€^ is denoted by C (resp. etc.). 

Convention 2.9. Except in the last section, for convenience and without loss of generality, by a substructure we 
shall always mean a substructure that is equal to its definable closure. Let 5 be a small substructure of Note 
that any reduct of S is VF-generated. For simplicity, all the reducts of S shall simply be denoted by S if there is 
no danger of confusion. The corresponding expanded languages (with constants in S) are still referred to as £rv, 
£^y, etc. Parameters from S are allowed and they will not be specified unless it is necessary. So in effect we shall 
be working with the complete theories ACVF(S'), ACVF^(5'), etc and by an /^Ry-definable (resp. £py-definable, 
etc.) subset we mean an S'-£Rv-definable (resp. S'-£^y-definable, etc.) subset. In general, by a definable subset 
we mean an yCx-definable subset, unless indicated otherwise in context. Parameters from sources other than S will 
be specified in context. 

Notation 2.10. If ^ C VF then the field generated by A over VF(S') is denoted as usual by VF(5)(A) and the 
field-theoretic algebraic closure of A U VF(S') is denoted by A^'^. 

Lemma 2.11. For any U C RV, the Cwj-reduct of Ac\^{U) is dcl(sn(f7)) and hence RV(dcl^(f7)) is equal to 
RV(dcl(sn(C/))) = RV(dcl(C/)). 

Proof. Let M = acl^(C/) h ACVF^(S') and TV = acl(J7 U sn(C/)) ^ ACVF(S'). It is clear from the proof of [H 
Theorem 3.14] that VF(M) = VF(7V) = sn(C/)'^^ Hence a e Autdcii(c/)(A^) if and only if cr e Autdci(sn((7)) (^)- 
The claim follows. □ 

Since a VF-sort equality can be equivalently expressed as an RV-sort equality, we may and shall assume that 
an >CT-formula contains no VF-sort equalities at all. 

Definition 2.12. Let M, iV C £ be substructures and a : M — > N be an /^Ry-isomorphism. We say that a is an 
immediate isomorphism if a{t) — t for all t G RV(M). 

Lemma 2.13. Let si, S2 '. RV — 5- VF^ he two full sections. Then any immediate isomorphism a : M — > N such 
that a{si{t)) = S2{t) for all t G RV(Af) may be extended to an immediate automorphism a G Auts(£) such that 
a{si{t)) = S2(i) for all t G RV. 
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Proof. With extra bookkeeping, the proof of 18, Theorem 3.10] works. □ 

Lemma 2.14. Let U C RV and a be an automorphism of €. over dcl(C/). Then there is an automorphism p of 
over dcl^([/) and an immediate automorphism d e Aut5(£) such that a = a o p. 

Proof. First note that (T(sn(RV)) induces a fuh section sn* : RV — > VF"". By Lemma [^Hl RV(dcl\C/)) = 
RV(dcl(L/)) and hence the restriction of a to the /^Rv-reduct of dcl^([/) is an immediate automorphism with 
(T(sn(t)) = sn*(t) for aU t e RV(dcl(C/)). By Lemma [2. 131 this restriction of a may be extended to an immediate 
automorphism ct of £ with a{sn{t)) = sn*{t) for aU t G RV. Now set p — o a. □ 

Corollary 2.15. Let t e RV. If A C RV™ is parametrically C^iw -definable and is also t-C^- definable then it is 
t-C^- definable. 

Proof. We only need to show that any automorphism of £ over dcl(i) fixes A setwise. This is immediate by 
Lemma 12.141 since A is trivially invariant under immediate automorphisms. □ 

Definition 2.16. Let t be an /^T-term. For any variable X, the X-complexity |r|j^ S IN of r is defined inductively 
as follows. 

(1) If either X does not occur in t or r is an /^Rv-tcrm then \t\-^ = 0. 

(2) If X occurs in t and r is of the form sn(cr) then \t\j^ = \a\j( + 1. 

(3) If T is not of the form sn(cr) then \t\^ is the maximum of the X-complexities of the proper subterms of t. 
The complexity |r| of r is the maximum of all X-complexities of r. 

Let (f>{X, Y) be an £T-formula, where X = {Xi , . . . , Xn) are the occurring VF-sort variables and Y = {Yi , . . . , Ym) 
are the occurring RV-sort variables. The X^- complexity \(t>\x- of (/) is the maximal X^-complexity of the terms oc- 
curring in <f>] the li-complexity \4>\y. of (j) is defined similarly. Let l^ilvF be the maximum of the Xi-complexities 
of 4>; similarly for If/^lj^y- Lastly set \4>\ — max{|0|yp , l^lpjy}- 

Let <j) be an Cj-tevm. or a quantifier-free >CT-formula. If a term F occurs in in the form rv(i^) (respectively 
sn(i^)) then F is said to be an occurring \¥-term (respectively occurring RV-ierm) of 4>. Note that if F is an 
occurring VF-term of ((> with |F| = then it is called an occurring polynomial of (j) in [5Dl[Tni. We shall keep this 
terminology. Obviously if |0| > then we have 

\(t>\ = max{|F| : F is an occurring VF-term of 0} — niax{|F| : _F is an occurring RV-term of 0} -f 1. 

If F is an occurring VF-term of that is not a subterm of an occurring VF-term of a higher complexity then F is 
a top occurring YF-term of 0; similarly for a top occurring KV-term of (f). 

Lemma 2.17. If A CRY is C^y-definable then it is C^y-definable. 

Proof. Let 4>{Y) be a quantifier-free formula that defines A, where Y is an RV-sort variables. We do induction on 
Since the base case |(/>| = is tautological, we proceed to the inductive step directly. 
Let Fk{Y) enumerate the occurring VF-terms of 4>(Y) of complexity 1. We may write each Fk{Y) in the form 
J2i O'i sn(y*), where Oi G VF(S'). For each t E A and each k let 

Ik,t = {i '■ vrv(rv(ai)i') < vrv(rv(aj)t-') for all j}. 

Then set = sn(rv(ai)) G VF(S') and Ek^t(Y) = J2ieik t ''^(^*)- Across a disjunction wc may assume that, for 
every fc and all t, s G A, Ik,t = Ik,s and hence Ek^tiY) = Ek.s{Y). Then we may write Ik and Ek(Y) instead. Note 
that the equality Ek{Y) = is equivalent to an £Rv-formula. Therefore we may further assume that, for every k, 
either Ek{t) = for aU t G A or Ek{t) ^ for aU t G A. 

If Ek{t) = for some k and some t C A then A is finite and hence, by Corollary 12.151 A is ^Rv-definable. So 
we may assume that Ek{t) ^ for all k and all t € A. Then rv{Fk{t)) = iv{Ek{t)) for all k and all t C A. Since, 
without loss of generality, Ek{Y) is of the form 1 + eiSn(y), we have Tv{Ek{t)) = 1 + rv(ei)i* for all t C A. 
This means that (t>(Y) is equivalent to a formula of complexity < \(f>\ and hence, by the inductive hypothesis, A is 
£RV-definable. □ 

Lemma 2.18. If A <Z RV™ is C]^y-definable then it is C^^^^j -definable. 

Proof. We do induction on m. The base case m = 1 is proved above. For the inductive step, by the inductive 
hypothesis, pr^„(A) is >CRv-definable. On the other hand, for every t G pr^^(yl), fib(^,t) is both dc\^{^)-C^- 
definable and t-£^v"definable and hence, by Corollarv l2.151 it is i-^Rvdefinable. For any >CRv-formula (/)(y,Z), 
let C pr^^(j4) be the >Cpy-definable subset such that t G if and only if 4>{t,Z) defines fib(^,t). By the 
inductive hypothesis again, B^ is £f{v-definable. Now the claim follows from compactness. □ 

Corollary 2.19. Any Cj-definable subset A C RV™ may be defined by an Cf -formula that does not involve sn, 
that is, A is definable in the reduct of £^ to the RV-sort. 

Proof. Let be a quantifier- free formula that defines A. We do induction on \<j)\. Let Fk{Y) enumerate the top 
occurring VF-terms of (p. We may write each Fk{Y) in the form sn(rfci(F)), where G VF(S'). Let F^ 
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be the VF-term obtained from Fk{Y) by replacing each Tki(Y) with a new variable Xki- Let (p* be the formula 
obtained from (f> by replacing each rv(Fk{Y)) with a new variable Zk- Let A* be the subset defined by the formula 

r A /\{Zk - rv(F^*) A Xk^ - miY)). 

k,i 

Since A = pr<„j(yl*), the claim follows from the inductive hypothesis and Lemma [2.181 □ 

Therefore, as far as the RV-sort is concerned, T and T are the same theory (in the sense that they have the 
same definable subsets) and there is no need to treat T separately. Consequently, if £^ is a F-minimal expansion 
of that is, if any £T-definable subset / C F™ is /Zpy-definable, then we may unambiguously speak of definable 
subsets in the F-sort: 

Definition 2.20. An imaginary K-term is a term of the form X]i=i res(rv(Fi(X)) • • F"*), where X are VF-sort 
variables, Y are RV-sort variables, e IN, G RV, and Fi{X) is a polynomial with coefficients in VF. An 
imaginary T-term is a term of the same form with res replaced by vrv. 

We should think of these as real terms if we work with the language i3jjp (resp. C^'^) that corresponds to the 
three-sorted structure of the reduct of £ (resp. £^ or to the RV-sort. The complexity of an £^^-formula with 
respect to vrv and csn is defined as in Definition 12.161 

Lemma 2.21. Let Too = F U {oo}. If I Q F™ is C'^y- definable then it is Ckv -definable. 

Proof. By Corollary 12.191 we may work in the reduct of to the RV-sort and hence with the language -C^^ , 
where we still have quantifier elimination. Let (t>{Z) be a quantifier-free formula that defines /. Consider any term 
t{Z) that occurs in 4>{Z) in one of the following ways: vrv(r(Z)), res(T(.Z)), and t{Z) □ 1 or t{Z) □ oo, where □ 
is either = or 7^ in the RV-sort. Then t{Z) may be written as tcsn{F{Z)), where t S RV(S'). If vrv(r(Z)) occurs 
then it may be replaced by Yrv(t) + F(Z). If res(r(Z)) occurs then it may be replaced by either or tcsn(vrv(t))~^. 
If t{Z) □ 1 occurs then it may be replaced by vrv(t) -I- F{Z) DO (note that this is so because ii t ^ csn(vrv(t)) 
then \/Z t{Z) ^ 1 is true); similarly for the case t(Z) □ 00. In all situations, across a disjunction, the complexity 
of the formula decreases. So the claim follows from a routine induction on complexity. □ 

Remark 2.22. Recall that the (imaginary) F-sort is stably embedded in £; that is, any parametrically >CRv-definable 
subset in the F-sort can be parametrically defined in the reduct of £ to the F-sort (see the discussion preceding 
Lemma 4.17]). Therefore, all yCnv-definable functions in the F-sort are piecewise Q-linear. Here an i?-linear map 
for any ring R is allowed to have a constant term, unless indicated otherwise. By Lemma l2.21l this is also true in 
C""^ if it is a F-minimal expansion of £^ . 

There are two ways of treating an element 7 g F^o : as a point (when we study F as an independent structure) or 
a subset of C''^ (when we need to remain in the realm of definable subsets of £^). The former perspective simplifies 
the notation but is of course dispensable. We shall write vrv~^(7) when we want to emphasize that 7 G F is a 
subset of 

In fact. Lemma [2.211 mav be strengthened: 

Corollary 2.23. Let t G RV and I C F™ be a t-C^y- definable subset. Then I is t-C^xy -definable. 

Proof. By stable embeddedness, / is r(dcl'^(i))-definable in the reduct of C'^ (or £) to the F-sort. On the other 
hand, it is not hard to see that, by CoroUarv l2.19l F(dcl'^(r)) = F(dcl(i)), that is, the subgroup of F generated by 
vrv(i). So / is also t-^Rv-definable. □ 

Notation 2.24. Given a function / : A — > B, we shall often write Ai, for the fiber over b ^ B under /. In 
particular, given a definable subset A, we shall often write A^ for the fiber over x under a function of the form 
rv \ A, val \ A, vrv \ A, etc. Of course which function is being considered should always be clear in context. 

Definition 2.25. For any subset U C RV" and 7 G F^, the subset thk{U^) C k" is called the •j-twistback of 
U. The subset U7evrv((7){7} ^ tbk([/^) C F^ x K" is denoted by fl{U). Conversely, is called the ^-twist of 
tbk([/^). If thk^U^;) = tbk(C/^/) for all 7,7' G vrv(?7) then U is called a twistoid, in which case we simply write 
tbk([/) for the unique twistback. 

These notions of course depend on the choice of the cross-section csn. Note that for a subset W C K*' and a 
7 G T^o , the 7-twist VF^ of W is defined only if the 0-coordinates in W match the cx)-coordinates in 7. For D C F" 
we write E{W, D) for IJ-^^ W^. 

Lemma 2.26. Let U C RV" be an Cuy-definable subset and vtv{U) = D. Then there is a definable finite partition 
Dk of D such that each Uk — ?7 H vrv^^(_Dfc) is a twistoid and the corresponding twistback is C^iy -definable. 

Proof. We work in the reduct of €^ to the RV-sort, considered as an -structure. Let (j){Z,Y) — \/-(j)i{Z,Y) 
be a quantifier-free £^'^-formula in disjunctive normal form that defines n{U) C FJ^ x K". Let res(t csn(F(Z))) 
be a term that occurs in <j). If vrv(i) -I- F{Z) ^ then res(t csn(i^(2'))) may be replaced by 0, otherwise it may be 
replaced by t csn(vrv(t))^^. Therefore, without loss of generality, each (j)i{Z,Y) may be written as a conjunction 
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of 9i{Z) and iJji{Y), where the variables are displayed. Let Bi C FJ^ be the subset defined by 9i{Z) and Vi C K" 
the subset defined by ipi{Y). 

Now we may easily translate each ipi{Y) back into an ^Rv-formula. On the other hand, by Lemma [2.211 each 
Bi is also >CRv-definable. Let Dk be the >CRv-definable finite partition of D induced by the subsets Bi. Clearly, for 
every j e Dk, thk{U^) = [j^^g^V,. □ 

Definition 2.27. Let / : A — > B he a. function. If A, B only have VF- and RV-coordinates then / is rv- 
contractible if (rvo/)(p n A) is a singleton for every rv-polydisc p C RVH(A) (see [18] Definition 2.4, Defini- 
tion 4.21]). If A, B only have RV-coordinates then / is viv-contractible if (vrvo/)(A^) is a singleton for every 
7 S vrv(A). The contractions of /, that is, the induced functions tv{A) — !• rv{B), vrv(^) — > vrv{B), are usually 
denoted by 

In context, we shall often drop the prefixes and simply say that / is a contractible function. 

Remark 2.28. Unlike in [IQ , the conclusion of this remark is not needed for the F-categories below (see Definti- 
ton l3.20|l . We present it here for the sake of comparison (see [TOl Lemma 3.28, Definition 9.1]). 

Obviously the composition of two vrv-contractible functions is a vrv-contractible function. Let / : A — > B be 
an £Rv-definable vrv-contractible function. For all t G RV, since the underlying substructure S is VF-generated 
(see Convention it is clear that if 7 G F(dcl(f)) then vrv~i(7) n RV(dcl(r)) ^ 0. This implies that, if 

fl : vrv(A) — > vrv(_B) is a bijection then there is a t-ZIpiv-definable g{t) e vrv^^(/^^(vrv(t))) for every t £ B 
and hence, by compactness, we have an £F>y-definable function g on B such that gi = f^^- Let G be a GL(Z)- 
transformation on vrv(A), that is, a bijection of the form Tx + 7 with T e GL(Z) and 7 G r(S'). Let t e RV(5) 
with vrv(i) = 7 and the GL(Z)-transformation on A given by Tx ■ t. Then o is the contraction of 
/ o (G^)"^; similarly if G is a GL(Z)-transformation on vrv(i?). Lastly, let pr^ be a coordinate projection on B 
and viv{B). It is straightforward to check that pr^ of^ is the contraction of pr^ of. 

We have just shown that the class D of contractions of i3Ry-definable vrv-contractible functions is closed under 
composition, inversion, composition with GL(Z)-transformations, and composition with coordinate projections. 

Now suppose that A C RV", B C RV, and (a, /?) G vrv(/) nF"+i . Let (j){Y, Z) be a quantifier-free % r-fo™ula 
with parameters a, (3 that defines f{s.p) ■ As — >■ -B^. Clearly we may assume that all RV-sort literals occurring 
in (f) are of the form tF"Z'"ni, where t G RV(S'), n,m G and □ is = or ^. Since tY"-Z"^ = 1 is equivalent 
to res(iy"Z™) = 1 and f(s.i3) is a function, we see that cj) contains irredundant K-sort equalities between sums of 
terms of the form ies{tY^ Z"^) with vrv(t) + J^i niai + m(3 = 0. Observe that 

res(ty"Z") = (i/csn(vrv(t))) • (f /csn(a))" ■ (Z/ csn(/3))". 

We may treat Y / csn(d), Z/ csn(/3) as variables in these equalities and consequently may assume n,m G M. 
Applying the Euclidean algorithm, we see that, away from a csn(d, /3)->Cp{v-definable subset of vrv~^(a) of RV- 
dimension < n (recall (THl Definition 4.9]), the twistback of f(s.i3) is given by 

Z/csn(/3) = ^i^,(y/csn(a)) / ^ Gj(f/ csn(a)), 

i ' j 

where Fi{Y / csn((3)), Gj(Y / csn(Q!)) are monomials such that, for any z, j and any t G vrv^^((3), 

/? = vrv(i^,(i)) -vrv(Gj(i)). 

This means that there are integers rii E I1 and a (5 G T{S) (note that (a,/?) is not needed to define this S) such 
that p = S + J2i niai. 

In summary, by compactness, all functions in O are definably piecewise Z-linear (with constant terms). More- 
over, if /i : / — > J is a bijection in O and I, J F" then h is definably a piecewise GL„(Z)-transformation. This 
follows from the next lemma, which holds in a more general setting. 

Lemma 2.29. Let R be an integral domain and M be a torsion-free R-module, viewed as the main sort of a 
first-order structure of some expansion of the usual R-module language. Let O be a class of definable functions in 
the sort M such that 

(1) D contains all the identity functions and all functions in D are definably piecewise R-linear, 

(2) D is closed under composition, inversion, composition with Gh{R) -transformations, and composition with 
coordinate projections (in the sense described above). 

If g : D — > E is a bijection in D, where D,E C_ Af", then h is definably a piecewise Ghn{R) -transformation. 

Proof. Wc proceed by induction on n. The base case n = 1 is clear. For the inductive step, without loss of 
generality, we may assume that both g and g~^ are i?-linear, given respectively by x 1 — > Ax + a and x 1 — > Bx -\- b. 
Observe that if there are distinct xi,X2 G D such that prj^{xi) = pr^(x2) for some 1 < fc < n then the kth 
column of BA — /„ must be 0; similarly for E and AB — /„. Therefore we are reduced to the situation where 
this fails for D, E with respect to some 1 < k,l < n. After GL„(i?)-transformations if necessary, we may assume 
that k ~ I = n. Then D is the graph of a function a : pr^„(£') — > pr„(I?) and E is the graph of a function 
/3 : pT^„{E) pr„(£;). Note that a = (pr„ \ D) o (pr<„ \ D)-^ and /3 = (pr„ \ E) o (pr<„ \ E)-\ Let 
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g* : pr^„(£)) — > pr^„(£^) be the bijection (pr^,j \ E) o g o (pr^„ \ D)~^. By the assumed two conditions, a, /?, 
and g* are all in D. 

By compactness, we may further assume that a is given by x i — > r-x + c, where r G i?"^^, and, by the inductive 
hypothesis, g* is given by x i — > Tx + d, where T G GL„_i(i?). Let (s„, s„) be the last row of A and a„ the last 
entry of a. Set 

r T 1 ^ ^ 

A* = and a* = {d, s„c + c + a„). 

Then g is given by x i — ?> A*x -\- a* ^ as required. □ 

Lemma 2.30. Let A C RV'^ xF' he an C^y-definable (resp. Cyiv -definable) subset. Set pT^f.{A) = U and suppose 
that vrv(C/) is finite. Then there is an C'^iy- definable (resp. -definable) finite partition Ui of U such that, for 
each i, fih{A,t) = fib(A,?) for allt,P G U^. 

Proof. Since the F-sort is stably embedded (see Remark I2.22p . by Lemma [2.231 fih{A,i^ is vrv(r)-£Rv-definable 
for every t £ U. Since vrv(i) is definable, the lemma simply follows from compactness. □ 

Remark 2.31. We clearly have acl^RV) = acF(RV), which is a model of T{S), and VF(acl\RV)) = (VF(S') U 
sn(RV))^'=. But acli(RV), as a valued field, is not maximally complete. In fact the underlying valued field of £ may 
be taken to be the unique maximal completion of acl^(RV), which is isomorphic to the field K((F)) of generalized 
formal Laurent series. Each element a G VF may be written in the form J^iei sn(ii), where / is a well-ordered set 
and if z < i' then vrv(ii) < vrv(i,i'). We say that sn(ij) is the vim it i)- component of a and denote it by (a)vrv(ti)- 
Observe that if oi, . . . , a„ G VF are of the same value 7 then val(^j Oi) > 7 if and only if X]i(^*)7 — 0. 

For any consistent set <i>(X) of £T-formulas with parameters in acl^(RV), where X are the free variables and 
are all of the VF-sort, if is realized in an immediate extension of acl^(RV) then it is realized in £, because 

any immediate extension of acl (RV) may be embedded into £. 

Convention 2.32. We reiterate [TBI Convention 4.20] here, since this trivial looking convention is actually quite 
crucial for understanding the whole construction, especially the parts that involve special bijections. For a subset 
A C VF" X RV™, let 

c{A) = {(a,rv(a),i) : {d,i) € A}. 
This is called the canonical image of A and c : A — > c{A) is called the canonical bijection on A. The convention 
is that we shall tacitly substitute c(^) for A in the discussion below if it is necessary or is just more convenient. 
Whether or not this substitution has been performed should be clear in context. 

3. The Grothendieck semirings of RV 

The main purpose of this section is to express the Grothendieck semirings of RV-categories as tensor products of 
the Grothendieck semirings of F-categories and RES-categories, which will be defined below. This works if certain 
conditions are met by T, in particular, if T = ACVF'^(0, 0). On the other hand, it does not seem straightforward to 
work out these conditions and it does seem to be an unworthy distraction here to digress into that direction. It is 
perhaps better to deal with it on a case-by-case basis when it is called for in future applications. In IIvpothesis l3.15l 
we describe what some of these conditions might be. 

Of course, at the very least we can assume that £^ is an RV- minimal expansion of (t^, that is, all definable 
RV-sort subsets in £^ are already definable in However, for concreteness, we shall work in £^ throughout this 
section. Hence, all definable subsets in this section are £py-definable, unless indicated otherwise. 

Definition 3.1. Let A C RV" be a definable subset. A T-partition of A is a definable function tt : A — > F^ 
such that, for 7 G Ff^, 7r^^(7) is contained in a (K^)"-coset and is csn(7)-£Rv-definable. If tt is a F-partition of 
A then the Y(SI -dimension of tt, denoted by dimRvl""); is the number max{dimr{v(7r^^(7)) : 7 G F!^}. 

By Corollary 12.151 the existence of such a F-partition of A is easily verified by straightforward syntactical 
manipulation of any quantifier-free formula that defines A. This definition can be extended to definable subsets 
A C RV" xFJJ in the obvious way. 

Lemma 3.2. For any two T-partitions tti, 112 of A C_ RV" xF™, we have dimRv(7ri) = dimRv(7r2). 

Proof. We may assume that tti is constant. Recall [ini Lemma 4.10, Lemma 4.11], which essentially say that the 
RV-dimension of any £Rv-definable subset in the RV-sort equals its algebraic dimension (Zariski dimension). Now 
observe that the algebraic dimension of A over dcl(csn(F)) is still dimRv(^)- This implies that dimRv(7r2^ (7)) = 
dimRv(^) for some 7 G ran(7r2) and hence dimRv(yl) — dimRv(7r2). Q 

Therefore the RV-dimension dimRv (A) of a definable subset A C RV" x F™ may be defined as the RV-dimension 
of any F-partition of A. Note that the proof of the above lemma shows that dimpjv(^) does not depend on 
parameters and ii f : A — > KV^ ^^Ix, is ^ definable function then dimF{v(^) ^ dimRvC/C^))- Hence there is a 
definable finite-to-one function / : A — > RV'^ if and only if there is a definable function / : A — > RV'^ such 
that all fibers are of RV-dimension if and only if dimr{v(^) < k. We say that a property holds almost everywhere 
on A or for almost every element in A if it holds away from a definable subset A' C A of a smaller RV-dimension. 
This terminology will also be used when other notions of dimension are involved. 
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Lemma 3.3. Let U C RV" he a definable subset and vrv(C/) = D . Then there is a definable finite partition Di of 
D such that each Ui — U r]vrv^^{Di) is a definable twistoid and the corresponding twistback is Cjiy -definable. 

Proof. Let tt : U — > be a F-partition. Without loss of generality, we may assume 7r(J7) C F'. By Corollarv l2.23l 
and compactness, there is an ^Rv-definable subset B C RV"^' such that, for every 7 G F', 7r^^(7) x {csn(7)} is 
precisely the fiber of B over csn(7). Applying Lemma 12.261 to B, we find an /Inv-definable finite partition li of 

vrv(i3) such that each Bi = B n vrv^^(/i) is a twistoid with an ^Ry-dcfinable Vi C K as its twistback. For 
each 7 G let 

£;- = {^:({7}x4[/^-))n/, ^0}. 
Let Dk be the definable finite partition of D determined by the condition that 7, 7' are in the same piece if and 
only if E;^ = E=^i. Write Ek for any E"^ with 7 e Dk. Observe that, for any 7 e Dk, tbk(C/^) — UieEi, ^^{Vi, 1); 

where f G k'. The lemma follows. □ 

The conclusion of this lemma shall be referred to as the twistoid condition. This is a condition that should be 
imposed on a more general T (see Hvpothesis I3.15|) . This will not interfere with the possibility of adding more 
structure to the residue field that expands the theory of algebraically closed fields. 

Corollary 3.4. // C/ C RV" is a definable subset such that vtv(U) is a singleton then U is C^y -definable. 

Therefore, for any A C RV", vrv |" yl is a F-partition of A. This implies that dimRv(^) = fc if and only if 
dimr{v(tbk(A^)) = k for some 7. 

Corollary 3.5. Let 7 G F", A C vrv^^(7), and f : A — > F™ be a definable function. Then f{A) is finite. 

Proof. This is immediate by applying Lemma 13.31 to the subset U^gpn. f^^(a) x {csn((3)}. □ 

Corollary 3.6. Let A C RV", B C RV™, and F C A x B be a definable finite-to-finite correspondence. Then 
YTv{F) is a finite-to-finite correspondence between vrv (A) and vty{B). 

Definition 3.7. A nonempty definable subset U C RV" is T -regular if dimRv(?7^) — n for all 7 G vrv(C/). 

Note that if [/ C RV" is F-regular then we actually have U C (RV^)". By convention, U C k" is F-regular if 
[/n (k"")" is F-regular. 

Lemma 3.8. Let U C RV" be T-regular and vtv{U) = D. Then dimRv(vrv~i (£>) \U) <n. 

Proof. This is immediate by CoroUarv 13.41 and [T51 Lemma 4.f0]. □ 

k 

Lemma 3.9. Let D,E C F!J^. Let C K be T-regular and f : W x D — > W x E be a definable bijection. Then 
there are definable subsets ACWxD,B^WxE and a definable bijection e : D — > E such that, for all a £ D, 
f(?ih{A,a)) —?ih{B,e{d)) and&o{A,a), &o{B,e{d)) are T -regular. 

Proof. By Corollarv l3.41 Corollarv l3.51 and Lemma for each a € D there is a unique d-definable e{d) G E such 
that As — {W X {d})r]f^^{W x {e{d)}) is csn(Q!)-£Rv-definable and dimRv((W^ x {"}) \ ^s) < k. Symmetrically 
this also holds for each f3 G E. Now the assertion simply follows from compactness. □ 

Since the F-sort is o-minimal, we can use the dimension theory of o-minimal structures. We shall call it F- 
dimension and denote the operator by dimp. 

Definition 3.10 (F-categories). The objects of the category T[k] are the definable subsets with coordinates in Foo 
of F-dimcnsion k. Its morphisms are the definable bijections between the objects. Set F* — IJj, F[/c]. 

Definition 3.11 (RV- and RES-categories). The objects of the category RV[fc] are the definable subsets with 
coordinates in RV of RV-dimension k. Its morphisms are the definable bijections between the objects. 

The category RES[fc] is the full subcategory of RV[fc] such that U G RES[fc] if and only if all coordinates of U 
are in K. 

Set RV* = UfeKV[fc]; similarly for RES*. 

By the computation in [14], 1i[X]/{X'^ + X) = KF, via the map X 1 — > [(0, 00)], which is much simpler than 
K_|_ F, . On the other hand, it is well-known that K RES* is still quite complicated (see (TB] Example 3.7] ) . Anyway, 
following the philosophy of IQI, we shall work with Grothendicck semirings whenever possible. 

We clearly have K+ r[0] = M. By Corollary O L/ G RES[0] if and only if U is finite and hence K+ RES[0] 
contains IN as a proper sub-semiring. 

Each K-|_ F[fc] is identified canonically with a sub-semigroup of K+ F*. These sub-semigroups satisfy the condi- 
tions: 

K+f[k]nK+T[l]^ {0}, iik^l, 

K+r[/fc] + (K+r[;] \ {0}) = K+r[;], if fc < l 

In this situation, we may think of K+ F* as a disjoint union 1+Jj, K+ T[k]; similarly K_|_ RES* — l+J^, K+ RES[A;] and 
K_|_ RV* — K+ RV[fc]. Note that F* is equivalent via the reduced cross-section to a full subcategory of RV[0] 
and hence K+ F* may be canonically identified with a sub-semiring of K_|_ RV[0]. 
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For U e RV[fc] and / G T, we write U Xcsnl for the object C/ x csn(/) € RV[fc]. The map from K+ RES* x K+ T, 
to K_|_ RV* naturally determined by the assignment {[U], [I]) i — > [U Xcsnl] is clearly W-bilinear. Hence it induces 
a semiring homomorphism: 

D:K+RES, ®K+r, ^K+RV*. 
Lemma 3.12. D is a semiring isomorphism. 

Proof. Surjectivity of D follows immediately from Lemma 13.31 For injectivity, let Ui,Vj G RES*, 7^, Jj 6 F*, and 

/ : A = l+J C/, XcsH h > B = \^Vj Xcsn Jj 

i j 

be a definable bijection. We need to show that J2i[Ui] ^ [li] — J2j[^j] ® i^j]- ^"^t 

C = {it,s,aj) : f{t,csn{d)) ^ (s,csn(/3))} 

and W = prv(C). By Lemma [2.301 there is a definable finite partition Wk of W such that 

fib(C, {t, s)) = fib(C, (F, s')) for all {t, s), (F, s') e Wk. 

Since / is a bijection, clearly each fib(C, (t,s)) is the graph of a bijection and, in each Wk, t — P if and only if 
s = s' . So Wk is also the graph of a bijection. Actually, we can form the disjoint unions A, B in such a way (say, 
by tagging on both sides of the products) that Wk C Ui x Vj for some i, j. The desired equality follows easily 
from these conditions. □ 

Corollary 3.13. For any [U] £ K+RES*, if U is T-regular then the semigroup homomorphism 

[U](g>- :K+r, ^K+RES*(8)K+r* 

is injective. 

Proof. Suppose that [U] [I] — [U] [J]. By Lemma [3.12[ U x I is definably bijective to U x J. By Lemma 
[I]^[J]. □ 

Let U C RV" xF", V C RV"' xF"', and C C [/ x y be definable subsets. For all {{u,a),{vj)) G C, the 
T-Jacobian of C at {{u, a), {v, /3)), written as Jcbr C{{u, a), {v, /3)), is the element 

-I](vrv(u),a) + E(vrv(t/),/3) G F, 

where S(7i, . . . , 7„) = 7i H h 7„. liU,V Q K", dimRv(t^) = dimRv(V^) = ?^, and C CU xV is a. finitc-to-finite 

correspondence then, for almost all (m, v) G C, the Jacobian at (m, v) may be defined in the natural way (see the 
discussion preceding [111 Definition 9.14]), which is a (u, 'y)-definable element in and is denoted by Jcbj^ C(tr, v). 
More generally, ii U,V C (RV^)", then, for any a, /3 £ F", we may consider the (cE, /J)-twistback tbk(C- ^) of C: 

Definition 3.14. The Jacobian JchYw C{u,v) = (Jcbj^ C(u, w), Jcbr C(m, u)) of C at {u,v) is a (m, i;)- definable 
pair in xF^, where JcbjjC(u, w), if it exists, is given by 

Jcbj^ tbk(Cvrv(tr) ,vrv(iT) ) (tbk(M) , tbk(w) ) . 

It is routine to check that the Jacobian is defined for almost all {u, v) G C. 

Hypothesis 3.15. Here we can provide a bit more information than at the beginning of this section on what 
conditions a more general T should satisfy in order to make the construction work. The twistoid condition should 
hold. The F-sort should be o-minimal. There should be a notion of RV-dimension that agrees with the Zariski 
dimension, that is, if J7 C K is an >CT-definable subset then its RV-dimension equals the Zariski dimension of its 
Zariski closure. Consequently, the Jacobian in the RV-sort may be defined as in Definition l3.14l 

Definition 3.16 (Coarse RV-categories) . An object of the category RV[fc, •] is a definable pair (f/, /), where 
U G RV* and / : U — > (RV^)'' is a function. Given two such objects {U,f) and {V,g), any definable bijection 
F : U — > is a morphism of RV[fc, •]. Such a morphism F induces a correspondence between f(U) and g(V): 

{{t, s) G f{U) X giV) -.BueU {f{u) - Ta {g o F){u) = s)}, 

which is denoted by F^ . 

An object of the category /irRV[A;] is a definable triple ([/, /, wr), where ([/, /) G RV[fc, •] and luy : U — > F is a 
function, which is understood as a T-volume form on U. A morphism F : {U,f,uJr) — > {U' , f ,uj'y~) of ^rRV[A:] is 
an RV[/c, -J-morphism such that, for all {f(u), (/' o F){u)) G F^ , 

ioriu) = io'AF{u)) + Jcbr F-{f{u), (/' o F)iu)). 

Set RV[< fc, •] = Ui</c ■] and RV[*, ■] jJk RV[fc, •]; similarly for AirRV[< k] and ^rRV[*]. 
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Remark 3.17. The categories RV[fc, •] only play an auxiliary role in the construction and could have been defined in 
a simpler way, that is, the function / may be deleted from {U, f) without any real consequences. We have chosen to 
define them in this way so to make other definitions below more compact. In those definitions the "presentation" 
/ of [/ is indeed essential. 

Note that, in the above definition and other similar ones below, all morphisms are actually isomorphisms. Also, 
for the cases k = 0, the reader should interpret things such as (RV^)'^ and how they interact with other things in 
a natural way. For example, (RV^)° may be treated as the empty tuple. This results in the interpretation that 
the requirement above on F-volume forms for fc = is simply a;r(u) — Wp(-F(u)). 

About the notation: etc. suggests that the category is filtrated and the notation RV[*, •] etc. suggests that 
the category is actually graded. 

Definition 3.18 (Fine RV-categories). The category RV[A:] is the full subcategory of RV[fc, •] such that (U, f) G 
RV[k] if and only if dim^y {f-^{t)) = for all te (RV Note that, for any RV[fc]-morphism F : (U, /) — > {V, g), 
by Corollary 13. 4[ the correspondence Fr^ is finite-to- finite for all 7 6 F^*"'. 

An object of the category /iRV[A;] is a definable triple (C/, /, ui), where ([/, /) G RV[fc] and uj : U — > xF is a 
function, which is understood as a volume form on U. We also write w as a pair (u;jj,ajr). A /irRV[A;]-morphism 
F : {U, /, ui) — > {U' , /', uj') is a pseudo-morphism of /iRV[fc]. If, in addition, for all (/(u), (/' o F){u)) G F^ that 
are away from a subset of F^ of RV-dimension < fc, 

^(u) = Jch^F^ifiu), (/' o F){u)) 

then F is a morphism of /iRV[fc]. 

Set RV[*] = LIfeRV[fc]; similarly for /iRV[*]. 

Observe that if ([/,/, w), (F, 5, cr) G ^RV[fc] and dimRv(/(f^)) < k (in particular, if dimRv(t^) < k) then any 
/LtRV[fc]-pseudo-morphism between them is indeed a /xRV[fc]-morphism. 

Definition 3.19 (RES-categories). The category RES[fc,-] is the full subcategory of RV[fc, •] such that {U,f ) G 
RES[fc,-] if and only if all coordinates of U and f{U) are in K. Similarly, RES[fc] is such a full subcategory of 
RV[fc], which is also a full subcategory of RES[fc, ■]. The category ^RES[fc] is the full subcategory of ^RV[fc] such 
that ([/, /,a;) G MRES[fc] if and only if {U, f) G RES[fc] and wr = 0. 

The category RES'^[fc] (resp. /xRES'^[fc]) is the smallest full subcategory of RES[fc] (resp. /iRES[fc]) that contains 
the isomorphism class of T'' = ((K^)'^,id) (resp. TJ^ = ((K^)'^,id, (1,0))) and is closed under disjoint union. 

Set RES[*, •] = Ufe RES[fc, •]; similarly for RES[*], ^RES[*], RES'^i*], and ^iRES^^i*]. 

We do not have RES-categories with F-volume forms because, in light of Corollarv l3.51 there will be no need to. 
Also note that RES[fc, ■] is canonically isomorphic to a full subcategory of /xrRV[fc] via the map [U, f) 1 — > (U, /, 0) 
and RES''[fc] is a full subcategory of RES[fc,-]. Also, by Corollary EZl every ([/,/) G RES[fc, •] is £Rv-definable 
and hence {U, f) G RES[fc] if and only if / is finite-to-one. 

Definition 3.20 (F-categories). The objects of the category F[fc] are the definable pairs (/,/), where / G F* and 
/ : / — > F''' is a function. Given (/, /), {J,g) G F[fc], any definable bijection F : I — > J is a morphism of F[fc]. 

An object of the category /iF[fc] is a definable triple (/, /, ui), where (/, /) G F[fc] and uj : / — > F is a function, 
which is understood as a volume form on /. Let ujf : I — > F be the function given by 7 1 — > S/(7) + ^(7). A 
morphism F : (/, f,uj) — > (/', /', w') of /^F[fc] is a F[fc]-morphism such that 1^/(7) = luj,{F{'^)) for all 7 G /. 

The category F^[fc] is the full subcategory of F[fc] such that (/, /) G F^[fc] if and only if / is finite. The category 
/LtF'^[fc] is the full subcategory of /iF[fc] such that (/, /, a;) G F'^[fc] if and only if / is finite and w/(7) = for all 
7 G /. 

Set FM = lJfcF[fc]; similarly for /iFH, F^H, and ^F'^M. 

Obviously K+ RV[*] = 0^, K+ RV[fc]; similarly for the other graded categories. 

Note that the semigroups K+RES'^ifc], K+/xRES^[fc], K+F'=[fc], and K+/iF'=[fc] may be identified with (M, -h) 
and hence the semirings K+RES''[*], K+ ^RES''[=i=], K+F'=[*], and K+ fiT^l*] may be identified with ]N[X], the 
semiring of polynomials with coefficients in f^. Let us abbreviate 

K+RES[fc,-] (8)K+F[fc], K+RES[fc,-] ®K+^F[fc], K+ ^RES[fc] ® K+ AiF[fc] 

as K+VTP[fc], K+^rVTP[fc], K+^VTP[fc], respectively. Note that both K+VTP[fc] and K+/xrVTP[fc] use 
K+RES[fc,-] as the first factor. Set K+VTPH = 0^^K+VTP[fc], similarly for K+^rVTPM and K+ fNTP[*]. 
These are graded semirings. 

For ([/,/) G RES[fc, •] and {I,g) G F[fc], let / Xcsn g ■ U Xcsn I — > (RV)'' be the function given by 

it,^m ^ (/(t),csn(g(7)),). 

We write {U, f) Xcsn [I, g) for the object 

[U Xcsh/,/ XcsHS) G RV[fc,-]. 

Note that if (t/,/) G RES[fc] then ([/,/) y.^ {I,g) G RV[fc]. For (/,g,cr) G tJ.T[k], let {U, f) x-^, {I,g,cr) be the 
object 

mf) Xesii(/,ff),ar) G/irRV[fc], 
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where ar is the volume form on U Xcsn I given by (i,csn(7)) i — > cr(7). Finahy, for {U,f,uj) G /^RES[fc], let 
({/, /, w) Xcsn {I, g, cr) be the object 

where uj Xcsn f is the volume form on U Xcsh given by {t, csn(7)) i — ""(-f)). 
The assignment ([U], [I]) i — > [U Xcsn I] naturally determines a map 

K+ RES[fc, •] X K+ r[fc] K+ RV[fc, •], 

which is clearly IN-bilinear. Similarly there are such maps 

K+ RES[fc, •] X K+ ^iT[k] — > K+ /irRV[fc] and K+ ^RES[fc] x K+ ^r[fc] — > K+ ^RV[fc]. 

Hence we have three induced semigroup homomorphisms: 

Bfc :K+VTP[fc] — >K+RV[fc, •], ^rOfe :K+^rVTP[fc] — >K+^rRV[fc], fiBk :K+/iVTP[fc] — >K+fiRY[k]. 
Proposition 3.21. D^, fJ-r^k, o-nd fjMk o,i"e isomorphisms. 

Proof. Since Dq — fJ-r^o — D and /iDg is a restriction of D, let us assume A; > 0. We shall only be concerned with 
/^Dfe, since for ESfc or /xrBfc the argument is similar and simpler. In fact, the proof is more or less the same as that 
of Lemma 13.121 and hence we shall be brief. 

For any {U, f, uj) e /iRVffc], by Corollarv l3.5l there is a definable finite partition Ui of U such that the restrictions 
(vrvo/) \ Ui, uj-p \ Ui factor through vrv \ Ui. So, without loss of generality, we may assume that U has this 
property. By Lemma 13.31 we may further assume that (the graphs of) / and Wjj are twistoids. Then it is clear 
that ([/, f,Lu) is isomorphic to a product in the desired form. 

For injectivity, in a similar notation to that in the proof of Lemma 13.121 we are reduced to showing that the 
bijections coded in Wk are indeed /iRES[fc]- and ^r[/c]-morphisms. It is straightforward to check this. □ 

Corollary 3.22. D = ©j.E'fc, /xr® = l^r^k, o,nd fM — ® j, /iDfc are isomorphisms of graded semirings. 

Corollary 3.23. For any [([/, /)] G K+ RES[A:, ifU is T-regular then the semigroup homomorphism [([/, f)]'Si— : 
K_|_r[fc] — > K_|_ VTP[fc] is injective; similarly for the other two cases. 

Proof. Since we have Proposition 13.211 bijections as described in Lemma [3.91 mav be obtained as in the proof of 
Corollary [2331 which are indeed morphisms of the corresponding categories. □ 

For (/, /) G r[fc] and (/, f,uj) G /ir[fc], we define their canonical lifting into the corresponding RV-categories: 

Lr(/, /) = T'^' Xcsn (/, /), A*rLr(/, = Xcsn (/, /, lo), A^Lr(/, f,Lu) = Xcsh (/, /, lo). 

Corollary 3.24. These lifting maps induce canonical embeddings of graded semirings: 

Lr:K+r[*] — >K+ VTP [*] , ^r^r : K+ /xP [*] — ^ K+ nrVTP [*] , ^Lr : K+ /^P [*] — > K+ ^VTP [*] , 

which yield the canonical identifications: 

(D o Lr)(K+ P'^M) = (/irO o /irLr)(K+ /iP'^M) = K+ RES'^M and (^D o ^Lr)(K+ ^P'^M) = K+ /iRES'^M. 

There is an alternative description of the semiring K+ /iP[*]. For that, we introduce the following notation; 

Notation 3.25. Let P be a subset of additional parameters. If C is a category of P-definable subsets then we shall 
emphasize this by writing Cp. Let A, B be two subsets. We write [A] =p [B] if A, B are isomorphic objects in Cp. 

Definition 3.26. A function / : P — > K+ P[A;] is definable if there is a definable subset / C P x r™^'^ such that, 
for all a G fib(/,a) encodes naturally a representative of f{a) G K_|_P[fc]ct. The subset / is considered as 

a representative of /. With pointwise addition, such definable functions form a semigroup FN(P, K+ P[fc]). Given 
another definable function g : P — > K+ T[l] with a representative J, it is routine to check that their convolution 
product is well-defined as follows: 

if*g)il)= U fib(/,«) xfib(J,/3) GK+P[fc + /]^. 
This makes FN(P, K+ P[*]) = 0^. FN(P, K+ P[fc]) a graded semiring. 

Lemma 3.27. Each FN(P, K_|_ P[fc]) is canonically isomorphic to K+ /xP[fc] and hence FN(P, K_|_ P[*]) is canoni- 
cally isomorphic to K_|_ /iP[*]. 

Proof. For (/, /, cj) G /iP[fc], set 7 1 — > [{ujj^{j), f \ ^^"'^(7))] for 7 G i-^Jf{I), which is a definable function in 
FN(P, K+ P[fc]). Conversely, for any definable function / : P — > K+P[fc] with a representative /, let [// = /, 
// : Ui — > P*^ be the projection to the last k coordinates, and : Uj — > P be the function given by (7, a, /3) 1 — > 
7 — E/3. Then {Ui , fi G /iP[fc]. It is routine to check that these maps induce isomorphisms as desired. □ 

There are two Euler characteristics Xg, Xb that can be associated to the P-sort (see [S] §4.2], [T3], and also [TUl 
§9]). They are distinguished by Xs((OjC»)) = —1 and x&((0,oo)) = 0. We shall denote both of them by x if no 
distinction is needed. Using these and the groupifications of the results above, we can obtain various retractions 
to the Grothendieck rings of the RES-categories. 
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Lemma 3.28. There are two homomorphisms £g,£b '■ Kr[*] — > Z[t] and two homomorphisms fj,£g,fi£b '■ 
K/ir[*] — > Z[r] of graded rings. 

Proof. For (/, /) e r[fc] and (/, /, uj) e fJ-T[k] we simply set £k{I, f) = x{I) and fi£k{I, /, i^) = x{I)- Clearly these 
maps induce graded ring homomorphisms £ = £k and /if = ^£k ■ □ 

Notation 3.29. Let RV^^ rv(A^) and (RV^)>^ = rv{M \{0}). We introduce the following shorthand for some 
elements of the Grothendieck semigroups and their groupifications (and closely related constructions) : 

[l]o = [{1}] e K+RES[0], = [({l},id)] e K+RES[1], - [({1}, id, id)] e K+/.RES[1], 

[o]o = [{0}] e K+r[0], [0]i = [({0},id)] e K+r[i], [o^]i - [({0},id,id)] e K+/.r[i], 

[H]i = [((0,^),id)] GK+r[l], [H^]i = [((O,oo),id,0)] eK+^r[i], 

j = [((RV^)>\id)] - e KRV[1], j^, = [((RV^)>\id,0)] - [l]i £ K/irRV[l], 

= [((RV^)>\id,(l,0))] - e K/iRV[l], 

A - [Ti] + e KRES[1], - [Ti] + e K/xRES[l]. 

As in [TO], the elements [l]o + j G KRV[*,-], e K/xrRV[*], and G K/zRV[*] are instrumental in the 
discussions below. 

Proposition 3.30. There are two ring homomorphisms 

Eg : KRV[*,-] ^ KRES[*,-][A-i] and Efc : KRV[*, •] ^ KRES[*, •][[l]r^] 

such that 

(1) the ranges of Eg, are precisely the zeroth graded pieces of the targets, 

(2) Eg([l]o+j)=Eb([l]o+j) = 0, 

(3) for X € KRES[A:, ■], Eg{x) ^ x\~^ and Eb{x) = x[l]-^^ . 

With volume forms, we have two pairs of homomorphisms of graded rings: 

A<rEg : K/irRVM ^ KRES[*,-]/(A) and /xpEfc : K /ipRVM — > K RES[*, ■]/([l]i) 

AtEg:K/iRVM — ^ K /iRESW/(A^) and /iEbiK^RVH — ^ K ^RESH/([l^]i) 

such that their restrictions to KRES[=i', •], K/iRES[*] are the natural projections and 

Mr]Eg(j^r) = /irEfcO^r) = 0, ^lEgG^) M^fcO^) 0. 

Proof. For each n, let Eg^n ■ 0,<„KVTP[i] — > KRES[7i,-] and Eb,n : 0,,<„KVTP[i] — > KRES[n, •] be the 
surjective group homomorphisms given respectively by 

x®y< — > fg,fe(y)xA"-'= and x (g) y i — > ^:^,,fc(2/)x[l]""^ 

where x £ KRES[fc, •], y G Kr[A;], and £g,k, £b,k are defined with respect to Xg^ Xb as in Lemma [3.281 For each 
n > 0, we have 

(i;g,„ o©-i)([l]o +j) = Eg,-,{[l]o <E> [0]o + [Ti] ® [H]i - [l]i ® [0]i) - A" - [T1]A"-i - [l]iA"-i = 0, 
{Eb,noB-'){[l]o + j) = ^b,„([l]o ® [0]o + [Ti] «. [H]i - [l]i ® [0]i) = [1]'/ + - [l]i[l]r' = 0. 
The group homomorphisms gn,bn '■ KRES[n, ■] — > KRES[n + 1, •] given respectively by 

determine two colimit systems and the group homomorphisms Eg,„ = i?g_„ oD^^, Ef,.„ — Eb.n oD^^ determine two 
homomorphisms of colimit systems. Hence we have two surjective ring homomorphisms: 

colimE„,„ : KRV[*, •] — > colim KRES[n, •] and colimE^,™ : KRV[*, •] — > colim K RES[7i., •]. 

n ' gji n ' b^ 

These yield the desired homomorphisms since the two colimits are respectively isomorphic to the zeroth graded 
pieces of KRES[*, •][A-^i] and K RES[*, •] [[1]-^]. 

The cases with volumes forms are not very different and are left to the reader. □ 

Note that these homomorphisms are slightly different from the ones constructed in [TOl Theorem 10.5, Theo- 
rem 10.11]. 

4. The Grothendieck semirings of VF and special bijections 

Let A C VF" X RV" be a definable subset. Recafi that if A equals its RV-hull RVH(v4) (see [H Definition 4.21]) 
then A is an KV -pullback. An rv-polydisc p C VF" x RV™ is degenerate if dimvF(p) < n. This happens if and 
only if some VF-coordinate of p is 0, if there is one at all. An RV-pullback is degenerate if it contains a degenerate 
rv-polydisc and is strictly degenerate if it only contains degenerate rv-polydiscs. 

Let -0 be a quantifier-free formula that defines A. By inspection of the complexity of the occurring VF-terms of 
ip, we see that there is a definable function tt : A — > RV' and an /^Rv-formula ((> such that each n~^{i) is contained 
in an rv-polydisc and is defined by the formula (/)(sn(i)). Hence the following definition is not empty. 

Definition 4.1. An YW -partition of ^4 is a definable function n : A — > RV' such that, for every t G ran(7r), the 
fiber 7r-i(t) is sn(i)-£Rv-definable. We do not explicitly require that tt ^(i) is contained in an rv-polydisc, but 
this can always be achieved if needed. 
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Similarly, by syntactical inspection, the twistoid condition (see Hypothesis 13. 15p . and compactness, the following 
specialization of the above definition is not empty either. 

Definition 4.2. If A is £;j-definable then a T-partition of A is an iZij-definable function tt : A — > such that 
each fiber ir^^ij) is contained in a coset of (rv"^(K^))" x (K^)™ and is csn(7)-£Rv-definable. 

Note that if A has no VF-coordinates or is an RV-puUback then it is £;j;-definable and hence admits a F-partition. 
If A is ^Rv-definable then we may speak of the VF-dimension of A (see |il9, Definition 4.1]). We may extend this 
notion of dimension to RV-partitions, which is parallel to how RV-dimension is extended to F-partitions above: 

Definition 4.3. Let tt be an RV-partition of A. The VF-dimension of tt, denoted by dimvF(7''), is the number 
max{dimvF(7r~^(i)) : t £ ran(7r)}. 

Let B C VF be an arbitrary subset. For any {a,t) G A let tr degg{a,t) be the transcendental degree of B^'^{a) 
over B'^'^ (see Notation l2.10p . Let tr degg{A) = niaxjtr dcg^ (a, : {d,i) E A}. If _B = then we omit it from the 
expression. 

Lemma 4.4. Suppose that A is C^y -definable. Then trdeg(A) — tr degg^j-p^y) (^) '^'^'^ consequently dimvF(^) = 
dimvF(7r) for any KV -partition tt of A. 

Proof. By [19, Corollary 5.6], A is ^Rv-definably bijective to an RV-puUback A'. By [TOl Lemma 3.3], we have 
trdeg(A) — trdeg(yl') and tr degg,j(Rv) (^) — '^^Ssn{Ry){^')- foi" the first equality, it is enough to show that 
trdeg(A') — trdegg^(Ry)(^')- By [121 Lemma 4.4, Lemma 4.6], A' contains an rv-polydisc {(0, . . . , 0)} x rv^^(t) x 
{s}, where t G (RV^)*^ and trdeg(A') = k. By Remark 12.311 it is easy to see that there is an a e rv^^(f) that is 
algebraically independent over VF(acl^(RV)). Hence trdeggjj(Rv)(^') — f'- 

Now, let TT be an RV-partition of A. We have ti degg^f^f^{n^^ {i)) < trdeg(A) for every t G ran(7r) and, by the 
first equality, trdeggj^^j^(7r^^(<)) = trdeg(yl) for some t e ran(7r). Hence the second equality follows from [TH 
Lemma 4.4]. □ 

Lemma 4.5. For any two KV -partitions tti, 112 of A, we have dimvF(7ri) — dimvF(7''2)- 

Proof. Let tt be the RV-partition of A given by x 1 — > (tti{x),tt2{x)). For every t G ran(7ri), since Tr^^(i) is sn(i)- 
£RV-definable, by Lemma dimvF(7''r^(^) = dinivF(7r \ T^i^ii)) and hence dimvF(7''i) = dimvF(7'')- Since this 
also holds symmetrically for tt2, the lemma follows. □ 

Of course, [121 Definition 4.1] still makes sense in the current context: 

Definition 4.6. The VF-dimension of A, denoted by dimvF(^), is the smallest number k such that there is a 
definable finite-to-one function / : A — > VF'"' x RV' or, equivalently, there is a definable injection / : A — > 
VF'' X RV' (see [H Lemma 4.2]). 

However, the VF-dimension of A itself and the VF-dimension of the RV-partitions of A are really the same 
thing: 

Lemma 4.7. Let tt be an BV -partition of A, dimvF(^) = k, and — [J{7T^^{i) : dimvF(7''^^(t)) = k}. Then 
dimvF(7r) — k and dimvF(^ \ ^tt) < k. 

Proof. By compactness, obviously k < dimvF(7r). For the other direction, suppose that f : A — > VF'' x RV' 
is a witness to dimvF(^) = k. Let p be an RV-partition of (the graph of) /, which obviously also carries an 
RV-partition tt' of A such that ran(7r') — ran(p) and 7r'^^(t) = dom(p^^(t)) for every t G ran(7r'). By Lemma H31 
dimvF(7r) = dimvF(7r') < k. 

The second item is a corollary of the first. Note that it makes sense since, by [IQl Lemma 4.6] , A^^ is definable. □ 

For any definable function / : VF" — !► VF™, the derivative and the partial derivatives of / at a point are 
defined exactly as in [19'i Definition 9.6]. Standard properties of differentiation such as the product rule and the 
chain rule only depend on the valuation and hence hold regardless of the presence of a section sn and additional 
structure in the RV-sort. 

Lemma 4.8. Let f : VF" — > VF™ be a definable function. Then each partial derivative 5*^/ is defined almost 
everywhere. 

Proof. Let p be an RV-partition of /. For each t G ran(p), f^ = TT^'^{i) C / is an sn(r)-£Rv-definable function 
and hence, by Lemma [191 Lemma 9.8], there is an sn(t)-£Rv-definable subset AfC dom(/j-) with dimvF(^f) < n 
such that every partial derivative is defined everywhere in dom(/£*) \ A^. By compactness, we may take 

A — Ur^r ^ VF" to be definable, and there is an RV-partition tt of A such that ran(p) = ran(7r) and 7r~^(t) — Af 
for every t G ran(7r). By Lemma 14.71 dimvF(^) = dimvF(7'') < n. □ 

We would like to differentiate functions between definable subsets with RV-coordinates. The procedure for 
this is the same, with or without a section sn (or a cross-section csn) and additional structure in the RV-sort, as 
described after 19:, Corollary 9.9]. It follows from Lemma and compactness that every partial derivative of / is 
defined almost everywhere. The Jacobian of f at a point (a, i) is defined in the usual way, that is, the determinant 
of the Jacobian matrix, and is denoted by JcbvF /(a, i). By the chain rule, we have: 
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Lemma 4.9. Let f : A — y B and g : B — C he definable functions. Then for any x & A, 

JcbvF(5 ° f){x) = JcbvF g{f{x)) ■ JcbvF /(x), 

if both sides are defined. 

Definition 4.10 (Coarse VF-categories). The objects of the category VF[fc, •] are the definable subsets of VF- 
dimension < k. Its morphisms are the definable bijections between the objects. Set VF*[-] = (J^ VF[fc, •]. 

An object of the category /zrVF[fc] is a definable pair (A,wr), where pvf(A) C VF'' and LOT '■ A — > r is a 
function, which is understood as a T-volume form on A. A morphism between two objects {A,ujr), {B,ar) is a 
definable essential bisection F : A — > B, that is, a bijcction that is defined outside of definable subsets of A, B of 
VF-dimension < k, such that, for every x S dom(F), 

LJr{x) = (Tr{F{x)) + val(JcbvF ^(^))- 

We also say that such an is a T -measure-preserving map. Set /irVF[*] = JJ^. /irVF[/c]. 

Recall from [191 Remark 10.2] that conceptually /irVF[fc]-morphisms (and /iVF[fc]-morphisms below) should be 
treated as equivalence classes so that each of them is actually an isomorphism and the Grothendieck semigroup 
may be constructed in the traditional way. However, this viewpoint is not essential for our purpose and, as usual, 
it is less cumbersome to work with representatives. 

In order to avoid verbosity, below we shall more or less ignore the coarse VF- and RV-categories with F-volume 
forms, since the results may be modified in the obvious way to hold for them. 

For any U £ RV[fc, •], the lift LU G VF[fc, •] of U is defined following [H Definition 4.18]. For any RV[fc, •]- 
morphism F : U — > V , a. lift F^ : ILU — >hY ofF is defined following [H Definition 7.3]. With the presence of 
sn, such an F can always be lifted. 

Proposition 4.11. The lifting map L : ObRV[< /c, •] — > ObVF[/c,-] induces a surjective homomorphism, also 
denoted by L, between the Grothendieck semigroups L : K_|_ RV[< fc, •] — > K_|_ VF[A;, •]. 

Proof. Applying [T21 Corollary 5.6] piecewise over RV-partition, it is clear that L hits every isomorphism class of 
VF[fc, •] (see also the discussion after dHl Proposition 6.18]). Due to the presence of a section sn and its immediate 
consequence that each rv-ball has a prescribed center, the work in [lOl §6] (as well as [191 §7]) is not needed here, 
although it is needed below, and it is almost trivial that every isomorphism class of IJj<j. RV[i, •] is mapped into 
an isomorphism class of VF[fc, •]. □ 

Definition 4.12. For a definable subset A C VF" x RV™, the KV-fiber dimension of A, written as dim^v(^): is 
the number max{dimRv(fib(A, a)) : a G pvf(yl)}. 

Definition 4.13 (Fine VF-categories). The objects of the category VF[fc] are the £j-definable subsets of VF- 
dimension < k and RV-fiber dimension 0. Its morphisms are the >C^-definable bijections between the objects. Set 
VF, -UfeVF[fc]. 

An object of the category ^VF[fc] is an £j-definable pair {A,Lj), where pvf(A) C VF^ A G VF[fc], and 

w : A—^K xF is a function, which is understood as a volume form on A. We also write w as a pair {uj-^,ujr)- 
A /irVF[A;]-morphism F : (A,wr) — > (A',Wp) is a pseudo-morphism of /iVF[fc]. If, in addition, F is i2^-definable 
and, for every x G dom(i^), 

oj^{x) = (7^{F{x)) ■ (tbkorv)(JcbvF-F(^)) 
then _F is a morphism of /iVF[/c]. We also say that such an _F is a measure-preserving map. Set /xVF[*] = /xVF[fc]. 

For A — {A,ijj) G ^VF[fc], we shall sometimes write dimvF(A) for dimvF(^)- Let F : A — > B be a /zVF[fc]- 
morphism. For any F-partition tt of F and every 7 G ran(7r), tt^^{j) — F^ is an csn(7)->CRv-definable /L^VF[fc]- 
morphism between the objects AoTa{F^) C A and ran(i^^) C B, which is also a morphism in the sense of |19[ 
Definition 10.1]. If F is not a trivial morphism, that is, if dimvF(A) — k, then, by Lemma 14.71 some -F^ is a 
nontrivial morphism. 

Remark 4.14. For any (U,a;) G ^RV[fc], the lift L(U,w) = (LU,Lcj) G /iVF[A;] of (U,w) is defined in the obvious 
way. Let F : U — > V be an RV[fc]-morphism and a lift of F. If F^^ is a /j,VF[fc] -morphism between (LU,La;) 
and (LV,Lcr) then, under Hypothesis 13.151 we see that the proof of [19l Lemma 9.15] may be easily adapted to 
show that F is indeed a /iRV[/c]-morphism between (U,Ld) and (V, cr). 

Proposition 4.15. Every A G /iVF[fc] is isomorphic to another object LU of iTVF[k], where U G /iRV[fc]. 

Proof. Let tt be a F-partition of A. By [T^l Theorem 10.4], there is an csn(7)->Cp{v-definable /iVF[/c]-isomorphism 
between 7r~^(7) and an object LU^ G /iVF[fc], where G /iRV[fc]. By Lemma 14.71 and compactness, these 
isomorphisms may be glued together to form one isomorphism in /iVF[/c]. □ 

Proposition 4.16. Let F : (U, uj) — > (U', cj') be an iiEy[k]-isomorphism. Then there exists a measure-preserving 
lifl^F^ :L(U,w) — ^L(U',a;') ofF. 

Proof. Let tt be a F-partition of F. Every Tr^^{j) — F^ may be treated as a morphism as defined in [THl Defini- 
tion 10.3]. So the assertion follows from [151 Theorem 10.5] and compactness. □ 
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Corollary 4.17. The lifting map L : Ob/^RV[fc] — > Ob/iVF[fc] induces a surjective homomorphism, also denoted 
by L, between the Grothendieck semigroups L : K+ /iRV[A;] — > K^. /iVF[fc]. 

The inverse of L, denoted by : K+ /iVF[fc] — > K+ /iRV[fc]/ ker(L), where ker(L) is the kernel of L, is an 
isomorphism of semigroups and is in effect the integration we are after. However, to understand the isomorphism 
J_i_ better and to apply it effectively in the future, we need a concrete description of ker(L). To obtain that, as 
in [TOj [20] , the notion of special bijections in VF-categories plays a key role. 

Below we shall refer to a special bijection as defined in (THl Defintion 5.1] as an £Rv-definable special bijection. 

Definition 4.18. Let A C VF" x RV" be a definable subset. A bijection T : A — > A^ is a special bijection on 
A of length 1 if for each rv-polydisc p C RVH(A) there is an sn(rv(p))-£r{v-definable special bijection Tp on p of 
length at most 1 such that T f (p n A) = Tp f (p n A) (all such Tp of length 1 target the same VF-coordinate) . 
The subset C C RVH(A) that contains exactly those rv-polydiscs p such that Tp is of length 1 is called the locus 
of T. For each rv-polydisc p C C let Ap be the focus map of Tp |" (p n A). The function A = IJ^ Ap is called the 
focus map of T. 

Naturally a special bijection T on A of length n, denoted by lh(T) = n, is a composition of n special bijections 
Ti of length 1. Each T^ is a component of T. 

These notions may be formulated in the same way if we work in Of course, in that case, the section sn is 
replaced by the cross-section csn and everything is £;j;-definable. 

Remark 4.19. Let A C VF" x RV™ and T : A — > A^ be a special bijection with components Tj. Clearly if A 
IS an RV-pullback then A^ is an RV-pullback. By definition, each Ti is a restriction of a special bijection Ri on 
RVH(dom(Ti)) and hence their composition i? is a special bijection on RVH(A). For any rv- polydisc p C RVH(Af) 
and any sn(rv(p))-£Fiv-definable (resp. csn(rv(p))-£Rv-definable) subset C p, the restriction R \ R^^{B) is an 
sn(rv(p))-£Rv-definable (resp. csn(rv(p))-£Rv-definable) special bijection. 

Lemma 4.20. For any special bijection T : A — A^ of length 1, the Jacobians of T and T^^ are equal to 1 
almost everywhere. If A is a nondegenerate KV -pullback then they are equal to 1 everywhere. 

Proof. This is immediate by [HI Lemma 9.11]. □ 

Remark 4.21. Many results below hold in both £^ and £^ and the proofs are essentially identical if the section sn 
and the cross-section csn are interchanged everywhere. We shall quote them in both versions. However, to avoid 
repetition, whenever this is the case we shall only present the version for T and leave the other one for the reader. 
In particular, we shall work in £^ in the rest of this section. 

We can easily generalize HQ] Theorem 5.4] if the terms in question do not contain any RV-sort variables: 

Lemma 4.22. Let t{X) : VF" — > VF be an C^-term, t G RV", R : rv^^(t) — > A a special bijection, and 
f = T o R^^ . Then there is a special bijection T on A such that the function f o T^^ is contractible. 

Proof. First observe that if the assertion holds for one such term r then it holds simultaneously for any finite 
number of such terms. Let Fki{X) enumerate all the occurring VF-terms of r such that [^^^(X)! = k. By 
compactness, it is enough to concentrate on one rv-polydisc po C A. By Remark 14.191 and [HJ Theorem 5.5], there 
is an rv(po)->CRv-definable special bijection Tq on po such that, for every rv-polydisc q C To(po), 

(rvoTo,oi?-ioTo-i)(q) 

is a singleton {sgj} for all i. 

By compactness again, it is enough to concentrate on one rv-polydisc pi C To(po). Let T-f/(X) be the £rv- 
term obtained from Fii{X) by replacing each rv{Foi{X)) with Sq|. Each F^l{X) may be written as a polynomial 

J^j^jX^ with flj e dcl^(rv(pi)). By Remark [HEj and [H Theorem 5.5] again, there is a dcl^(rv(pi))-definable 
special bijection Ti on pi such that, for every rv-polydisc q C Ti(pi), 

(rvoTf/oi?-ioTo-ioTfi)(q) 

is a singleton {sl^} for aU i. 

Repeating this procedure for all Fki{X) of higher complexity, we see that there is a special bijection T on A as 
desired. □ 

The following lemma should be viewed as a joint generalization of [18j Lemma 4.10, Lemma 4.12]. 

Lemma 4.23. Let B C rv~^(i) x RV™ be a definable subset such that prv \ B is finite-to-one. Then there is a 
special bijection T on YY^^it) such that j>vi{T(j>Y{{B))) = {0}, that is, T(pvf(i?)) is a union of ty -poly discs of the 
form (0, o6,s). Consequently, there is a definable injection pvf(i?) — > RV' for some I. 

Proof. Let 4){X) be a quantifier-free formula that defines pvf(i?). Let Fi{X) enumerate all the top occurring 
VF-terms of (j){X). By Lemma [4.221 there is a special bijection T on rv^^(t) such that every function T,; o T^^ 
is contractible. Therefore, for every rv- polydisc p C T(rv-i(t)), either T-i(p) C pvf(B) or T-i(p) n pvf(B) = 0. 

Since acl^(RV) ]= T(5), we see that if T~^(p) C pvf(i?) then p must be a point, that is, p must be of the form 

(0,00,5). □ 
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Lemma 4.24. Let T, R be two special bijections on rv Let Ri he the components of R, \i the focus map of 

Ri, and Ai C rv~^(i) the image of (the graph of) Xi under R^^ , where Ri — Ri o ■ ■ ■ o Ri. If pvf[T{Ai)) ~ {0} for 
all i then R o is contractible. 

Proof. Suppose for contradiction that R o T^^ is not contractible. Then there is an rv- polydisc p C r(rv-i(t)) 
such that {RoT^^){p) is a union of more than one rv-polydiscs. It is clear that there is an i such that {RioT^^){p) 
is contained in one rv-polydisc and A^+i fl {Ri o T^^){p) ^ 0. Then pvf(r(Ai+i)) ^ {0}, contradiction. □ 

We are now ready to state a better generalization of [19, Theorem 5.4]: 

Theorem 4.25. Let t{X,Y) : VF" x RV" — > VF be an C^-term. For each s e RV" let Tg = t{X,s). Let 
t e RV", R : Tv^^{i) — > A a special bijection, and fs — Tgo R^^ . Then there is a special bisection T on A such 
that every function fgoT^^ is contractible. 

Proof. As Lemma 14.221 if the assertion holds for one such term r then it holds simultaneously for any finite number 
of such terms. We do induction on n. In a way the proof here combines those of Lemma l4.22l and Theorem 5.4]. 
The inductive step below is copied almost verbatim from the proof of |19l Theorem 5.4]. 

For the base case n = 1, we simply write X for X. Let Fji{X,Y) enumerate the occurring VF-terms of r 
such that \Fji{X,Y)\ = j. Let po, Tq, Sq^, and pi be as in the proof of Lemma [4.221 For each s e RV™ let 
F^^^{X) be the ^Rv-term obtained from Fii{X,s) by replacing each rv(i^oi(-^)) with Sq|. Each F^^^{X) may 

be written as a polynomial J2j '^i^"' with aj G dcF(rv(pi), s). As in the proof of Lemma [4.221 again, there is a 

dcl^(rv(pi), s)-£r{v-definable special bijection Ti g on pi such that, for every rv-polydisc q C Ti g{pi), 

{rvoF^l.oR-^oT~'oT-l){q) 

is a singleton for all i. Let Xi^g^k be the focus maps of the components of Ti^g and kg : [jj^ dom(Ai^^_fc) x {s} — > pi 
the injection induced by Ti^g. By compactness, [Jghg is an rv(pi)-definable injection into pi. By Lemma [4.231 
there is a special bijection Ti on pi such that pvf (Ti(ran(/i))) — {0}. By Lemma [4.241 every function Ti^go T^^ 
is contractible. This means that for every rv-polydisc r C ri(pi) and every s G RV™ there is an rv-polydisc 
qr Q T'i,5-(pi) such that Tf ^(r) C T'liq^) and hence 

{rvoF^l,oR-'oT,'oTi'){v) 

is a singleton {s\^ -} for all i. Repeating this procedure for all Fki{X,Y) of higher complexity, we see that there 
is a special bijection T on A as desired. This completes the base case of the induction. 

We now proceed to the inductive step. As above, we may concentrate on one rv-polydisc p — tv^^{u) x{{u,r)} C 
A. Let (t){X, Y, Z) be a quantifier-free formula such that (f>{X, s, Z) defines the function (rv of~) [ p. Let Fi{X, Y, Z) 
enumerate the top occurring VF-terms of (f>. For every a £ rv~^(ui) and every s £ RV™^ let 

F,^g ^F,{X,s), F,^as = F,ia,X2,...,Xn,s). 

By the inductive hypothesis, there is a special bijection Ra on rv~^(u2, . . . , m„) such that every function Fi^a,s° Ra^ 
is contractible. Let Uk^a enumerate the loci of the components of Ra and Afc ^ the corresponding focus maps. By 
compactness, 

(1) for each i there is a quantifier-free formula ipi such that ipi{a, s) defines the contraction of Fia.go Ra^i 

(2) there is a quantifier-free formula 9 such that 6{a) determines the sequence rv([/fc^a) and the VF-coordinates 
targeted by \k,a- 

Let Hj{Xi) enumerate the top occurring VF-terms of the formulas ipi, 9. For every tuple t G RV of the right 
length, let Hj f^— Hj{Xi,i). Applying the inductive hypothesis again, we obtain a special bijection Ti on rv^^(iii) 
such that every function Hj ^■o T^^ is contractible. This means that, for every rv-polydisc q C Ti(rv^^(ui)) and 
every 01,02 G Tf \q), 

(1) for every s G RV™^^, the formulas iJi{ai, s), V'i(i2, s) define the same function, 

(2) the special bijections Ran Ra2 may be naturally glued together to form one special bijection on {01,02} x 
rv~i(u2, . . . ,u„). 

Consequently, Ti and Ra naturally induce a special bijection T on p such that each function Fi^goT~'^ is contractible. 
This implies that each function fgo T^^ is contractible and hence T is as required. □ 

We immediately give a slightly more general version of Theorem 14.251 which is easier to use: 

Theorem 4.26. Let A C VF" and f : A — > RV™ be a definable function. Then there is a special bijection T on 
A such that T{A) is an -pullback and the function f o T^^ is contractible. 

Proof. By compactness, we may assume that A is contained in an rv-polydisc p. Let be a quantifier- free formula 
that defines /. Let Fi{X, Y) enumerate the top occurring VF-terms of (p. For s G RV™ let Fi g — Fi{X, s). By 
Theorem 14.251 there is a special bijection T on p such that each function o is contractible. This means 
that, for each rv-polydisc q C T(p), 

(1) either T-\q) C A or T-^{q) n A = 0, 

(2) if T-i(q) C A then (/ o T-^){q) is a singleton. 
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So r f A is as required. □ 

Recall that a subset A is called a deformed KV-puUback if there is a special bijection T such that T{A) is an 
RV-puUback. By Theorem 14.261 and compactness, we have: 

Corollary 4.27. Every definable subset A C VF" x RV™ is a deformed BV-puUback. 

Lemma 4.28. Let A C VF"i x RV™\, B C VF"^ x RV'"% and f : A — > B be a definable function. Then there 
exists a special bijection T on A such that T{A) is an KV -pullback and the function f o T^^ is contractible. 

Proof. By compactness, we may assume that A is contained in an rv-polydisc. Then this is immediate by applying 
Theorem 14.261 to the function prvo/ (recall that c{B) is substituted for B). □ 

Recall the definition of the open-to-open property (see [501 Proposition 3.19] for subsets of VF and [20, Defi- 
nition 3.20] for the general case). It is obviously still true that for functions between subsets that have only one 
VF-coordinate, composing with special bijections on the right and inverses of special bijections on the left preserves 
the open-to-open property. 

Lemma 4.29. Let ^ C VF x RV"S S C VF x RV"", and f : A — > B be a definable bijection. Then there exist 
special bijections Ta ■ A — > A^ and Tb : B — > B^ such that A^ , B^ are KV -pullbacks and, in the commutative 
diagram 




»rv(B'') 



/? is bijective and hence /" is a lift of it. 



Proof. By Corollary 14.271 we may assume that A, B are RV-pullbacks. Let tt be a F-partition of /. For each 
7 G ran(7r), set dom(/^) = A;^ and ran(/;y) — B=f. By 20, Proposition 3.21], there is a finite partition of 
A^ into definable subsets Ai_^ such that each \ Ai^^ has the open-to-open property. For (a, t) G A.^^;^ let 
h{a, t) — (csn(7), i). Applying Lemma [4.281 to the function h, we obtain a special bijection T on A such that each 
Ai^=l is an RV-puUback. Applying it again to f oT, we may assume that / is contractible and has the open-to-open 
property. In particular, for each rv-polydisc p <Z A, /(p) is an open polydisc contained in an rv-polydisc. 

By Lemma [4.281 again, there is a special bijection Tb : B — > B^ such that {Tb o /)^^ is contractible. Let 
Tb — Tb.u o • . • o Tb.i- It is enough to construct a special bijection Ta = Ta^u o . • . o Ta,i on A such that, for each 
i, both TB,i o / o {TA,i)^^ and TA,i o [Tb o f)~^ are contractible, where 

B,i = J^BA o ■ • • ° J^B,!, -lA,i = ^A,i o • • • o Ja,1- 

Now we may simply use the construction in the proof of _2(J!, Lemma 5.2], since it only depends on the contractibility 
and the open-to-open property of /. □ 

Recall from [23 Definition 5.4] the notion of a (special) relatively unary bijection. 

Lemma 4.30. Let A C VF" x RV"S B C VF" x RV"^ and f : A — > B a definable bijection. Then there is a 
finite partition of A into definable subsets Ai such that each f \ Ai is a composition of definable relatively unary 
bijections. 

Proof. Since there are finitely many VF-coordinates to choose from, this is immediate by applying |201 Lemma 5.6] 
over a F-partition of / and then compactness. □ 

Let A C VF" X RV™ be a definable subset and a a permutation of /„ = {1, . . . ,ri}. We define a standard 
contraction T^ of A exactly as in Definition 5.5]. By Corollarv l4.27l there are abundant standard contractions 
of A in stock. 

Lemma 4.31. Let 12, 21 denote the permutations of I2. Let A C VF^ x RV™ be a definable subset. Then there 
is a definable injection f : A — 5- VF^ x RV' such that 

(1) f is unary relative to both coordinates, 

(2) there are standard contractions T12 , R21 of f{A) such that {Ti2{f (A)) , pr ^2) ^ (-R2i(/(j4)), pr<2) areRV[2,-]- 
isomorphic and, i/dim^y(A) — 0, then they are KV[2]-isomorphic. 

Proof. Let tt be a F-partition of A. Since the bijection on A given by x 1 — > (x, csn(7r(a;))) is obviously unary relative 
to both coordinates, it is easily seen that the assertion simply follows from [501 Corollary 5.8] and compactness. □ 
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5. The kernel of L and integration 

To understand the kernels of the semigroup homomorphisms L constructed above, we shall produce analogues 
of [23 Proposition 6.17, Proposition 7.8]. The key notion is still that of a blowup. This is defined in almost exactly 
the same way as in 20, Definition 6.1, Definition 7.1]. 

We shall first work in £^ and discuss the coarse VF- and RV-categories. However, as mentioned above, we 
shall concentrate on the categories without F-volume forms and the auxiliary results will only be stated for them. 
For the categories with F-volume forms the proofs are very similar and the extra computational work involving 
F-volume forms is always straightforward. 

Definition 5.1. Suppose A; > and let U = (C/, /) G RV[fc, •]. An elementary blowup of U is an object IJ^ = 
(f/», /») e RV[< k, ■] such that x RV>^ and, for some l<j<k and any {t, s) £0, 

ft (t, s) = /, (t) for t + J, /] (f, s) = s/, (t) . 

Note that U'* is an object in RV[< /c, •] (actually in RV[fc — 1, •] nRV[fc, •] ) but in general not an object in RV[A:, •] 
because fj{t, oo) — oo. 

Let V = {V,g) G RV[fc, •], C CV, and C = (C,.g f C) G RV[fc, •]. Let F : U — > C he an RV[fc, •]-morphism. 
Then U" W \ C, 5 I" (V^ \ C)) is a blowup of {V,g) via F, written as Vj^. The subscript F may be dropped in 
context if there is no danger of confusion. The object C (or the subset C) is called the locus of the blowup Vj^. 
A blowup of length n is a composition of n blowups. 

Lemma 5.2. Let U, V G RV[< k, •] and U», V» be two blowups. In K+ RV[< fc, •], if [U] = [V] then there are 
blowups U«», o/U", V» such that [U*"*] = [V^]. Therefore, if[lJ] = [U'], [V] = [V] and there are isomorphic 
blowups o/U, V then there are isomorphic blowups of\J', V. 

Proof. For the first assertion, the proof of [501 Lemma 6.5] works. The second assertion is a corollary. □ 

Definition 5.3. Let Isp[fc, •] be the subclass of ObRV[< k, ■] x ObRV[< k, ■] of pairs (U, V) such that there exist 
isomorphic blowups U", V*. Let Isp[*, •] = Ufe Isp[fc, •]• 

We will just write Igp for all these classes if there is no danger of confusion. By Lemma [521 Isp rnay be regarded 
as a binary relation on isomorphism classes. 

Lemma 5.4. Isp[fc,-] is a semigroup congruence relation andlsp[*,-] is a semiring congruence relation. 

Proof. The proof of j20j Lemma 6.8] works. □ 

Let Ui = {Ui, fi) G RV[i, •], U = Ui<fc Ui G RV[< fc, •], and T a special bijection on LU. We write Ui^x for the 
subset (prvor)(LUi), Ui_T for the object (f/i,T, pr<i) G RV[i,-], and Ut for the object Ui<fc Ui,r G RV[< fc, •]. 
Recall from ^ Notation 2.37] the shorthand [{7,,t]<» for [(C/,,t, pr<i)] G K+ RV[i, •]. 

Lemma 5.5. The object is isomorphic to a blowup o/U of the same length as T. 

Proof. By induction on the length IhT of T and Lemma [5.21 this is immediately reduced to the case IhT = 1. 
Then we may use the isomorphism constructed in the proof of 20, Lemma 6.9]. □ 

Lemma 5.6. Suppose that [A\ — [B] in VF[1.-] and U, V G RV[< 1,-] are two standard contractions of A, B. 
T/ien([U],[V]) Gl.p. 

Proof. By Lemma [4.291 there are special bijections T, R on LU, LV such that Ut, are isomorphic. So the 
assertion follows from Lemma [531 □ 

Lemma 5.7. Let U" be a blowup ofXJE RV[< k, ■] of length I. Then LU" and LU are isomorphic. 

Proof. By induction this is immediately reduced to the case / = 1. Observe that, using the section sn, the special 
bijection T on LU as described in the proof of [501 Lemma 6.12] can be (quite trivially) constructed. □ 

Lemma 5.8. Let Ai,A2 G VF[fc, •] such that pvf(^i) = pvf(^2) = A. Suppose that there is a common subset E 
of the indices of the KV -coordinates of Ai, A2 such that, for every a £ A, 

([fib(v4i,a)]£,[fib(A2,a)]£) Glsp. 

Let T(j , Ra- be two standard contractions of A\, A2. Set E' = E U Ik- Then 

{[f,iAi)]E',[Ra{A2)]E') elsp. 

Proof. In the proof of [20, Lemma 6.14], the special bijection Ta is achieved by applying [THl Theorem 5.5] to 
the occurring polynomials of a suitable quantifier-free formula, as in |201 Lemma 5.1]. This procedure may be 
reproduced here by applying Theorem 14.261 to the top occurring VF-terms of a suitable quantifier-free formula, as 
in Lemma r4.281 For the rest of the proof, we may simply follow the proof of [20, Lemma 6.14]. □ 

Corollary 5.9. Let Ai,A2 G VF[/c, ■] and f : Ai — > A2 a unary bijection relative to the coordinate i £ Ik. Then 
for any permutation a of Ik with cr(l) = i and any standard contractions Ta-, Ra of Ai, A2, 

{[fa{Ai)]<kdRM2)]<k) eisp. 
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Proof. This is immediate by Lemma 15.61 and Lemma 15.81 □ 
Lemma 5.10. Let A G VF[fc, •]. Let i,j G Ik be distinct and a\, 02 two permutations of Ik such that 
ai(l) -(72(2) = z, ai(2) = a2(l) ai f {3, . . . , fc} = ^2 f {3, . . . , fc} . 

Then, for any standard contractions T^-^ , T^^ of A, 

{[f,M)]<k,[T.M)]<k)&is^. 

Proof. We have developed analogues of the results used in the proof of [501 Lemma 6.16]. Therefore its proof may 
be quoted here with virtually no changes. □ 

Now we have reproduced for VF[fc, •], RV[< fc, •] all the results that the proof of [501 Proposition 6.17] formally 
depends on, so the following crucial description of the kernel of L : K+ RV[< fc, •] — > K_|_ VF[fc, •] may be obtained 
by more or less the same proof, which is reproduced in its entirety belowjj 

Proposition 5.11. For U, V G RV[< k, •], [LU] = [LV] if and only if ([U], [V]) G I^p. 

Proof. The "if" direction simply follows from Lemma 15.71 and Proposition 14.111 

For the "only if" direction, we show a stronger claim: if [A\ = [B] in VF[fc, •] and U, V G RV[< /c, •] are two 
standard contractions of A, B then ([U], [V]) G Igp. We do induction on k. The base case fc = 1 is of course 
Lemma [5.61 For the inductive step, suppose that F : LU — > LV is a definable bijection. By Lemma [4.301 there 
is a partition of LU into definable subsets Ai, . . . , An such that each Fi = F \ Ai \s a. composition of relatively 
unary bijections. Applying Theorem 14.261 as in Lemma [4.281 we obtain special bijections T, R on LU, LV such 
that T{Ai), [R o F){Ai) are RV-pullbacks for each i. By Lemma [5751 it is enough to show that there are standard 
contractions TV, Rr of r(A,;), (i? o F){Ai) for each i such that 

([(f, o T){Ai)]<u, [{Rr o R o F){Ai)]<k) e Isp . 
To that end, first note that each {Ro F o T^^) \ T{Ai) is a composition of relatively unary bijections, say 

T(A,) = Bi^UB2---Bi^UBi+i = iRoF)iA,). 

For each j < Z — 2 we may choose five contractions [Uj]<k, [Uj+i]<k, [Uj^i]<k, [C^j"+i]<fc, and [J7j+2]<fe with the 
permutations cr^, Cj+i, f^+i, '^j+i^ and of Ik such that 

(1) o'j+i(l) and (Tj+i(2) are the VF-coordinates targeted by Gj and Gj+i, respectively, 

(2) (Tj^i{l) and aj_^_l(2) are the VF-coordinates targeted by Gj+i and Gj+2, respectively, 

(3) cFj = CTj+i, CT^+i = aj+2, and cr^+i(l) = cr^Vi(l)' 

(4) the relation between CTj+i and cTj+j^ is as described in Lemma 15.101 

Then, by Corollary 15.91 and Lemma 15.101 all the adjacent pairs of these contractions are Isp-congruent, except 
([C/j'+i]<fe, [C/"+i]<fc)- Since, without loss of generality, we may assume that [Uj_^i]<k and [[/j'_,.i]<fc start with the 
same contraction on the first targeted VF-coordinate of Bj+i, the resulting objects in VF[A: — 1, •] are the same. 
So, by the inductive hypothesis, this last pair is also Igp-congruent. This completes the "only if" direction. □ 

We now move on to work in £^ and discuss the fine VF- and RV-categories. The definition of a blowup needs 
to be slightly modified and the results in [201 §7] are needed. However, applying F-partitions and compactness, 
analogues of the results above may be obtained by essentially the same proofs. 

Definition 5.12. Suppose fc > 0. Let 1 < j < fc and U = {U, f) G RV[fc]. Suppose that there is a F-partition tt 
of (the graph of) / such that 

7r-i(7)j(t) G acl(7r-i(7)j(<),csn(7)) 

for all 7 G ran(7r) and all t G dom(7r^-'^ (7)). An elementary blowup of U is an object U" = {U^ , f^) G RV[fc] such 
that X (RV'')>i and, for any {t, s) G 0, 

fl (M) - /. (i) for i^j, f] {t, s) = sf, (t) . 

Let w be a volume form on U. An elementary blowup of (U,a;) is an object (U«,a;«) G ^RV[fc], where U« IS an 
elementary blowup of U and cj" is the volume form on given by w*(f,s) = w(t). 
Other related notions are defined as in Definition [5JJ 



Lemma 5.13. Let U, V G ^RV[fc] and , V* be two elementary blowups. If [U] = [V] then [\J^ = [V]. 

Proof. This is immediate by applying [201 Lemma 7.2] over a F-partition of an isomorphism between U and V. □ 

Definition 5.14. Let /ilsp[fc] be the subclass of Ob/iRV[fc] x Ob/iRV[fc] of pairs (U. V) such that there exist 
isomorphic blowups U", V^*. Let ^Isp[*] = U/t A^Isp[fc]- 

Lemma 5.15. As a binary relation on isomorphism classes, /ilsp[fc] is a semigroup congruence relation and /ilsp[*] 
is a semiring congruence relation. 



^In fact the wording of the proof of 1201 Proposition 6.17] is somewhat terse and hence confusing. We take this opportunity to 
improve it. 
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Let {A,Lu) € ^VF[k] and T a special bijection on A. Set lot = oj o . Then T is also understood as a 
special bijection from (A, w) to T(A, = {T{A)^ujt)- By Lemma [4.20[ T is indeed a /iVF[fc] -isomorphism. Set 
Au} = {{x,uj{x)) : if G A)}. For simplicity the volume form on Ai^ that is naturally induced by uj is still denoted 
by UJ. Clearly {A,lo) and {A^,lo) are isomorphic. If Tu is a standard contraction of then naturally induces 
a volume form wj; on (Ta{A^),Y>T:^^.). The function (or the object {Ta{A^),^T^^^,ujf ) e /iRV[fc], which is 

completely determined by T^) is understood as a standard contraction of (A, oj). 

For (U,a;) = {U,f,uj) G /iRV[fc] and a special bijection T on L(U,a;), we write ujt for the volume form on Ut 
that is naturally induced by (La;)T and (U, aj)T for the object (Ut,i^t) G ^RV[fc]. 

It is straightforward to state and prove the analogues of the results from Lemma 15.51 to Lemma 15.71 (note that 
Remark 14.141 is needed for the analogues of Lemma 15.51 and Lemma 15. 6p . For the analogues of Lemma 15.81 and 
Lemma [5. 101 the proofs of [23 Lemma 7.5, Lemma 7.7] can be easily adapted. From these we can deduce: 

Proposition 5.16. For U, V e /iRV[fc], [LU] = [LV] if and only if ([U], [V]) e /il^p. 

The dependence on [201 Proposition 6.17, Proposition 7.8] of the results concerning Grothendieck homomor- 
phisms in [3D1 §6, §7] is of a formal nature. Therefore, using the results above, their analogues may be derived in 
more or less the same way. The (obvious) proofs are again omitted. 

We emphasize here that the statements below concern two situations: in £^ without volumes (or with F-volume 
forms) and in (t^ with volume forms. It is a matter of restriction to transfer results from £^ to But it is not 
clear if we can successfully incorporate volume forms in the categories associated to The difficulty is that if 
we simply work with an analogue of Definition 14.131 then special bijections are not guaranteed to be morphisms, 
in particular, the inductive step of Theorem 14.251 seems to fail without an easy remedy. 

Theorem 5.17. For each k > there are canonical isomorphisms of Grothendieck semigroups 

J :K+VF[A:,-] — ^ K+ RV[< fc, •]/ I^p and J K+ fiYF[k] — > K+ fiRY[k]/ fil^p 

such that 

J [A] = [U]/I,p if and only if [A] = [LU] and J [A] = [U]/ ^I,p if and only if [A] = [LU]. 
Putting these together, we obtain canonical isomorphisms of Grothendieck semirings 

J : K+ VF, [•] K+ RV[*, •]/ I^p and J K+ mVF[*] K+ fiRYl*]/ ■ 

Recah [H Notation 3.16]. Let A C VF" and f : A — > 7'(RV™) be a definable function such that every /(a) 
codes an object in RV[< k, ■]g (note that, by compactness, k is bounded). We think of /, or rather the graph of 
/, as a representative of an equivalence class of definable functions induced by Igp and the equivalence class as a 
definable function A — > K+ RV[*, ■]/ Igp, which, for simplicity, is also denoted by /. The set of all such functions, 
as in Definition 13.261 is denoted by 

FN(A, K+ RY[*, •]/ I,p) = FN(A, K+ RY[i, •]/ I,p), 

i 

which is a semimodule. Using Notation 13.251 / and g represent the same function if [/(a)] [5(a)] for every 

a G A. Let L/ = Use^i"} ^ L(/(a)). Set 



A 



f= [f]= [L/ 



which, by Proposition 15.11) and compactness, does not depend on the representative /. Consequently we have a 
homomorphism of semimodules: 

/ :FN(A,K+RV[*,.]/I,p) ^K+RV[*,-]/Isp. 

J+A 

Similarly, if each /(a) codes an object in /^RV[*] then / represents a definable function, sometimes denoted by 
(/, w), in the semimodule FN(A, K+ ^RV[*]/ /iisp), where oj is the volume form on the graph of /, that is, uj \ f{a) 
is the volume form carried in /(a). Let Lw be the volume form on L/ naturally induced by uj. Setting 

{f,uj)= f [{f,ij)] = f [{hfXij)], 
A J+ J + 

we obtain a homomorphism of semimodules: 

/ : FN(A, K+ fiRY[*]/ ^ilsp) K+ fiRY[*]/ /il,p . 

J+A 

Proposition 5.18. For any nonempty subsets Ei, E2 C /„ = {1, . . . , n}, 



+aeprsJA) J+fib(A,a) J+aGpiE^iA) J+tih{A,a) 



Similarly for the case with volume forms. 
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Proof. This is immediate by Proposition 15. Ill Proposition 15. 161 and the definition of iterated integrals. □ 

Let B C VF" and assume that the VF-dimensions of A, B are n. For any definable bijection : A — S, we 
can define the Jacobian transformation 

^Jcb . pN(A, K+ mRV[*]/ Ailep) FN(B, K+ //RV[*]/ 

exactly as in [20j Section 7] and, as [7^, Proposition 7.12], obtain 

Proposition 5.19. /+^(/,c^) = /+s 

Let I, /il be the ideals of the groupifications of K+ RV[*, •]/ Isp, K+ /iRV[*]/ /ilgp. By the same calculations as in 
[201 §6, §7], we see that, the ideal I is generated by [l]o + j and the ideal is generated by (see Notation 13. 29p . 
Note that j is equal to — [l]o = — 1 in K RV[*, •]/! and hence is not a zero-divisor in K RV[*, •] (for otherwise [l]o +j 
would be a zero-divisor in KRV[*, •], which is clearly impossible). 

Theorem 5.20. The Grothendieck semiring isomorphism J induces canonically an infective homomorphism 



I :KVF4.] ^KRV[*,-][j- 



whose range is the entire zeroth graded piece, and two homomorphisms 

: KVF4-] ^ KRES[*,-][A-i] and j( : K VF^-] ^ KRES[*, -liillj-^]. 

Proof. The first homomorphism is similar to the one in [201 Theorem 6.22]. The other two come from Proposi- 
tion [3301 □ 

Similarly, since /il is a homogeneous ideal, setting filk = K /iRV[fc] n /il, we have: 

Theorem 5.21. The Grothendieck semiring isomorphism J induces canonically a graded ring isomorphism 



J K^iVPH K/iRVH//iI = 0K/iRV[fc]//iIfc 



and two graded ring homomorphisms 

/g rb 
:K//VFM — >K^RESW/(A^) and i :K^VFH — > K ^RESH/([l^]i). 

In future applications, we will often need to modify the target Grothendieck (semi)rings of the integration maps 
through some standard algebraic manipulations. The following procedure is an example. 

Let us abbreviate /xRV[fc]/ /iisp, K+ ^RV[*]/ ^Isp as K+ RVfc, K+ RV, respectively. Their groupifications are 
abbreviated accordingly. Clearly the groupification of the completion K+ RV of K+ RV is the completion K RV of 
KRV. So there is a canonical semiring homomorphism from the former into the latter. Recall Op, Notation 2.9]. 
For any 7 G F, we write and for the canonical images of the elements J[(o(0, 7), (1, 0))] and J[(c(0, 7), (1, 0))] 

in KRV. We localize KRV at Oq, Cq and obtain the ring KRV[oq ^, Cq^], which is abbreviated as KR. 

An (ind-)definable function A — > K_|_ RV is a sequence / = (/OieiN, where the ith component fi is a function 
in FN(^,K+ RVi). In other words, the set of all such functions is given by 

FN (A, kTrV) ™(A, K+ RV,). 

i 

For r = (ri)ig]N G K+ RV, let r • / be the function in FN(A,K+RV) such that its fcth component (r • f)k £ 
FN(v4, K+RVfc) is given by (r • f)k{a) = J2i+j=k''^^ ' fji'^)- This operation turns FN(A,K+RV) into a natu- 
ral K+ RV-scmimodule. Now we may integrate / componentwise: J_^_j^f = X]i/+A-^*' where, since J_^_j^.fi S 
K-|_ RVi+„, the first n terms of the right-hand side are 0. A simple computation shows that 

/ : FN(yl, K^KV) — > K^KV 

J+A 

is indeed a homomorphism of semimodules. Using the canonical semiring homomorphism 

K^RV — > KRV — > KR, 
we define the set of (ind-)definable functions A — > KR by 

FN(v4, KR) = FN{A, K^JW) (E)^^^ KR . 
Then induces a canonical homomorphism of KR-modules 



/ :FN(A,KR) — ^KR. 



I A 

For any definable bijection cj) : A — > B C VF" we also have the (componentwise) Jacobian transformation: 

0Jcb . FN(A,KR) — > FN(B,KR). 
By Proposition 15.181 and Proposition 15 . 191 for any / g FN(A,KR), we obtain the following theorems: 
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Theorem 5.22 (Fubini theorem). For any nonempty subsets Ei, E2 Q In — {1, ■ • • , n}, 



v/aGpr^JA) Jfih{AM) "'aepr^,, (A) Jfih{AM) 



Theorem 5.23 (Change of variables). X4 / = JB^'^^^if)- 

We remind the reader that similar results are available for the coarse categories with F- volume forms (in £^). 

6. The uniform rationality of certain Igusa local zeta functions 

The integration theory developed so far is quite effective in showing uniform rationality of Igusa local zeta 
functions. In this last section we shall discuss such an application. The general idea is to specialize from the 
sufhciently saturated model to non-archimedean local fields. This is usually done in two steps: descent to an 
arbitrary henselian substructure and then specialization to all non-archimedean local fields of sufficiently large 
residue characteristic. 

Lemma 6.1. Let M ^ S be a henselian substructure oj This means that (VF(M), C'(M)) is a nontrivially 
valued field and is henselian. If M is a substructure of €} then M ~ del (M). If M is a W -generated substructure 
of€^ (resp. C^j and T{M) is divisible then M = dcl^(Af) (resp. M = dcl^(M)). 

Proof. From the proof of [TSl Theorem 3.14] it is clear that any valued field automorphism of £^ over M is an 
£^y-automorphism of £ over M and hence the proof of [HI Lemma 6.2] may be easily adapted here. The other 
cases are similar. □ 

Proposition 6.2. In all the three cases above, M admits elimination of YY- quantifiers. 

Proof. It suffices to reproduce [191 Lemma 6.3] for the current setting. The key of its proof is to apply [T9l 
Theorem 5.5] to the occurring polynomials in question and then apply [191 Lemma 6.2]. To imitate this argument, 
we may obviously apply Theorem 14.261 to the top occurring VF-terms in question and then apply Lemma |6. II The 
details are left to the reader. □ 

From now on we shall work in £^ and assume that the substructure S = dcl^(S') is generated by a "universal 
uniformizer" w 6 csn(r), where T{S) is identified with (the additive group of) Q. A subset in the F-sort is a 
rational polyhedron if it is defined by a finite system of linear inequalities. 

We shall only work with non-archimedean local fields. Let L range over all local fields and denote its residue 
characteristic, residue degree, and ramification degree by e^, 5^, and pL, respectively. Set = e^^. We consider 
L as an /I^y -structure with = p if L is an extension of Qp and ccj = Mf L is an extension of Fp((t)). This is why 
we do not normalize the value group of L to be Z if char(L) > 0. The Haar measure | dX|i on L is normalized 
so that the maximal ideal has measure 1. For any subset A in the VF-sort of L, the volume | dJCj^ of A, if 
defined, is denoted by vol(A). For example, vol(0(i)) = g^, vol(val~^(7)) = (g^ — 1)^^''^''' for 7 £ F, and, for 
t e RV(L) with vrv(i) = 7, vol(rv~^(t)) = q'^'"''^ . We adopt the convention (jf^°° = 0. For any a £ VF(L), the 
norm of a, denoted by jaji, is by definition the number g^^^™'*^"). 

Let F be either Qp or Fp((i)) and bp G VF(F) such that val(fei?) £ Z is constant as F varies. Let (Li) be 
an infinite sequence of local fields such that (clJ is unbounded. Any ultraproduct M of (L^) can be regarded 
as a substructure of £^ and the £Rv-reduct of M as a substructure of £. Let b G VF(M) be the element that 
corresponds to the sequence (bp)- Suppose that F(dcl^(6)) = Q. Let A C VF" be a ^-definable subset such that 
val(A(Af)) is bounded from below in F(Af)". Let / — (/i, . . . , fk) be a sequence of 6-definable functions A — > F 
such that f{A{M)) C r{M)^ is a Presburger subset that is independent of b, that is, f{A{M)) is definable in 
the F-sort of M in the Presburger language without parameters. For each 7 G F*^ let tt^ be a F-partition of the 
subset {S £ A : f{a) — 7}. By Lemma [2.211 and Remark 12.221 the image of tt^ is 7-£Fiv-definable (independent 
of b). Let TT be the function on A given by a 1 — > {f {o) ^ f(^s){o)) and — 7r~^(7). We write J for ti{A{M)). It 
is easy to see that tt may be chosen so that J C 7r(A)(M), where the inclusion may be proper. Consequently, J 
is also a Presburger subset that is independent of b. Now, for every A^, by CoroUarv 14.271 (in fact we only need 
the special case [K;, Corollary 5.6]), there is an RV-pullback At C VF" x RV™ and a csn(7)-£p{v-definable special 
bijection between A=i and At. By Lemma lOI T^{M) is a bijection between A{M) and ylt(M). In particular, 
this implies that if 7 £ n{A){M) \ J then Ai{M) = 0. 

Let K = (ki, . . . , Kk) be a sequence of positive real numbers. Consider the (generalized) Igusa local zeta function 

J A 

The evaluation of ({A, L, k) may be reduced to computing the volume of each A-^, which is csn(7)-£Rv-deflnable. 
In [ini [13: it is shown that, if char(Li) = for all i and, among the three sequences (e^.), (5lJ, and (plJ, if 
the first or the second is the only unbounded one (here and below "unbounded" means "going to infinity") then 
C(A, Li, k) is uniformly rational (see [SJHj for a motivic interpretation of these results). In fact, it is easy to see that 
the results in [IBl [T7] imply that C(A, L^, k) is uniformly rational as long as (plJ is bounded. We shall generalize 
these results such that local fields of positive characteristic are included and all three sequences are unbounded. 



24 



Y. YIN 



By Lemma |6. 11 we may simultaneously work in all but finitely many Li as far as /^Rv-foraiulas are concerned. 
In other words, from now on, by an i2p{v-definable subset A we mean a uniformly >CRv-definable subset in (Li), 
which in turn means a sequence of subsets {Ai)i>k for some sufficiently large k such that every Ai is a subset 
of the £Rv-reduct of Li defined by a fixed quantifier-free CYiy-ioiuwla (j). To reason about such an A, or rather 
about all Ai for i > k, we can (and shall tacitly) work with the subset defined by in £ and then state the 
results with respect to each Li uniformly. The reader should note that in this process the number k may increase. 
With this understanding, for example, we may talk about the size of a definable subset in the K-sort and infinite 
summation over a definable subset in the F-sort (since it may be identified with a union of rational polyhedrons). 
For simplicity, we shall drop "L^" from some of the notations below. For example, VF(Li), p^., etc. will simply 
be written as VF, p, etc. 

Proposition 6.3. The integral CiA, k) may be written as a finite sum of p terms of the form e '''d{<I), where 

e, V are natural numbers, 

(n,rn,r)eAd 

and Ai, . . . ,/S.pv are pairwise disjoint Presburger subsets. This expression of C,{A^k) is uniform for the sequence 
(Li) in the following sense: 

(1) /i and V do not depend on Li, 

(2) if pLi = cpLj then every that occurs in Td{qLj) also occurs in Td{qLi) o,s cA^. 

Proof. To compute ^(A, /?), we may assume that, for all 7 G J, the csn(7)-£ptv-definable RV-pullback At is 
nondegenerate. Let B;^ — prv(At). Then we have 

vol(A^) = J2 g^"^"''^*^. 

By Lemma rS. 31 without loss of generality, we may assume that is a twistoid. Let be the twistback of B^ 
and — vrv(i?^). Note that is 7-/3Rv-definable (independent of b). Let tt(f7^) be the size of ?7^. Then 

We may assume that is the same and tK?/^) — e for all 7 G J. Let A — U7GJ ^7 ^ — which is of course 
a Presburger subset that is independent of b. Then 

({A, 1'"^'^ = e J2 q^"'-'^-'""'- 

75-' (5,/J,7)gA 

For the desired uniformity, it remains to dispose of p in this expression. To that end, we identify F with Z via the 
canonical homomorphism 7 1 — > p^. Then A is identified with a Presburger subset A* C 17 . Obviously A* may 
be decomposed into p'^ Presburger subsets A^ for I < d < p"^ such that the ith coordinate of A^; equals modulo 
p for some 1 < c?i < p. Note that if gcd((ii, . . . , d^) ~ c then A^; may also be defined using p/c, di/c, . . . , di,/c. 
Now the uniformity condition is clear since F(Lj) — {l/pL.)1i is a subgroup of T{Li) — (l/p^jZ. □ 

Definition 6.4. Let £ be a set of local fields. We say that C(yl, k) is uniformly rational for £ if there is a finite 
set of rational functions Rm.i{To, Ti, . . . , Tk) for each m G IN such that, for every L G £, 

(,(A,L,K) - ^ ^em,i,Lnr,i,i[qi^ i---,Ql i' 

m\pL i 

where the coefficients em,i.L G IN only depend on q^. 

Note that our notion of uniformity is different from but implies that in [Tni HZ] . It is clear from the proofs of 
the main results of [161 117] that they may be reformulated using our notion. 

We can always make C(^5 ^) uniformly rational for (Li) by deleting finitely many entries from it. If local fields 
of positive characteristic are included then this cannot be improved at the moment, since rationality of Igusa zeta 
function, with or without cross-section, is not known in general for local fields of small positive characteristic. On 
the other hand, if we concentrate on p-adic fields then, using results in [B] [T] I16[ 117] , we can deduce very general 
results about uniform rationality. 

Theorem 6.5. // each Li is a local field of characteristic then C{A, k) is uniformly rational for (Li). 

Proof. This follows immediately from [7, Theorem 4.3], (the proof of) Proposition 16.31 and !5] Theorem 4.4.1]. 
There are (potentially) infinitely many rational functions because (plJ may be unbounded, which gives rise to 
infinitely many Presburger subsets. □ 

For each n G W let £„ be the set of all local fields L of characteristic such that p^ < n. 

Theorem 6.6. For all local fields of characteristic 0, C(^: '?) '-s uniformly rational. 

Proof. By [121 Theorem 7.1] and [T71 Theorem 5.1], we only need to work with a finite subset £^ C £„ for each n. 
Then the assertion follows from Theorem 16.51 □ 
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Remark 6.7. There are variations of these theorems. For example, they hold if we work in £ instead of £^ (see 
pm Theorem 1.3]). There are also analogues if we work in . However, in that case local fields of characteristic 
have to be excluded (see Remark 1 2. 3 p and hence there always are finitely many exceptions about which we can 
say nothing at the moment. 

Suppose that (cl;), (^lJ are bounded and (plJ is unbounded in {Li). What can one say about these infinitely 
many rational functions? Is it true that C(^: ^) is uniform for {Li) with respect to finitely many rational functions? 
These are difficult and deep questions, and are related to the asymptotic behavior of the poles of C(^: ^) ^-nd its 
rationality in a local field of small positive characteristic. We hope that future development of the present theory 
will be able to offer some clues. 
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